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PREFACE TO THE SECOND EDITION 

SmcE tho book was first published, several slight modifications 
to tho text have been made, and a considerable number of 
examples added as the opi)ortunity arose at times of reprinting. 

In this edition, several more extensive alterations to the 
text liavo been made, the main object of wliich has been to 
introduce certain useful alternative methods of treatment. 
Experience in using the book has sho^vn also the desirability 
of some rcarrangement of the sets of examples. This has been 
carried out and extra examples have been added, so that the 
total number is now almost double that of the original edition. 

It has been the authors’ endeavour to make the book as 
useful as possible to second-year students, and it is their 
siuc<TC belief that these modifications will contribute materially 
to that end. 

E. W. GOLDING 
H. G. GREEN 


PREFACE TO THE FIRST EDITION 

Tx preparing this textbook of Practical Mathematics, designed 
primarily to meet tlic needs of students working for the 
Ordinaiy National Certificate, the authors have aimed at pro- 
viding n tool for direct application to elementary practical 
problems. Their experience with Engineering students working 
this stage of the course leads them To the belief that a mathe- 
matically rigorous presentation of every process is actually 
a hindrance to piogve.ss, and reduces tho students’, power to 
^'PPb' th*^ subject usefullj\ They have therefore adopted the 
course of establishing the methods, as far as possible, by means 
of illustrative e.xamples. These examples have been- chosen 
carefully to incorporate the principles of rigorous proof vnthout 
formal presentation. In addition, almost all the examples are 
drawn from engineering practiec. 

The complete work has been divided into three books, one 
for each year of a three years’ course. In so doing, some degree 
of latitude has liad, of necessity, to be observed on account of 
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the divergence between the eyllabuses of the various bodies 
examining for the National Certificate. Book I covers the first 
year’s work very fully; so that, if thought desirable, such 
sections as are not required for the first grade examination 
may be omitted. Book II covers the second year, and Book III 
the third. 

It will be noticed that the DiSerenttal Calculus has been 
carried to a more advanced stage in Book II, and the Integral 
Calculus in Book HI, than is generally required in the exam- 
inations. The authors feel that it is strongly desirable that the 
methods of these subjects should be available at early stages, 
even if they are not studied for examination purposes, as they 
are frequently needed at the beginning of the succeeding year’s 
study in technical subjects. 

The chapters have been divided into sections by means of 
short sets of examples, and, at the conclusion of each chapter, 
there are miscellaneous examples which include many questions 
from past public examination papers. The authors hope that 
this arrangement will prove helpfifi to teachers in planning the 
weelil}’ work. Revision sets of examples on the work of the 
preceding books are given at the commencements of Books II 
and HI. 

For generously granted permission to use questions from 
past examination papers they have to thank the following 
examination bodies; The East Midland Educational Union; 
The Northern Counties Technical Examination Council; The 
Union of Educational Institutions; The Um'on of Lancashire 
and Cheshire Institutes. The sources of questions thus used are 
indicated in brackets after the examples. 

The authors’ thanks are due to their colleague, L. E. Prior, 
Esq., M.Sc., and to J. H. Green, Esq., JLA., late Principal, 
Holmfirth Secondaiy School and Technical Institute, for help 
in their reading of the proofs; their acknowledgments are also 
due to the Syndics of the University Press, Cambridge, for 
permission to reproduce mathematical tables from Godfrey 
and Siddons’s Four-figuTe, TaWes. 

To Sir Isaac Pitman & Sons, Ltd., the authors are indebted 
for continuous help in the arrangement and presentation of 
the books. 


E. W. GOLDING 
H. G. GREEN 
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exajmples on revision of book I 


(1) Find in. milea per hour the average speed of an aeroplane which flew 

six times round a triangular course, sides 97-8 miles, 123-9 miles and 117-Z 
miles, in 5 hr. 23 min. {E.M.E.U.} 

(2) Tlie value of n lies between 3-14169 and 3-1416. If the approximate 
value is used for tc when calculating the circumference of a circle of diameter 
280 yd. show that the resulting error lies between 12-67 and 12-78 in. 

{N.G.) 

(3) A piece of mild steel rectangular in cross-section was tested in a testing 

machine by pulling it till fracture occmrred. The cross-sectional dimensions 
originally were 2-014 in. by 0-387 in., and after fracture these were 1-624 in. 
by 0-260 in. Express the reduction in cross-sectional area as a percentage 
of the original eross-soctional area. (U.E.'l.) 

(4) (a) If F = -f VaB -f J3)findhwhen F= 466, A = 27, B = 12. 

(6) The areas. A, B, G of throe flelds satisfy the equations 9A = 7B; 
6B = 60. If the total area of the three fields is 94 acres find A, B and 0. 

(E.M.E.U.) 

(6) Write down each of the following and fill in the blank spaces-^ 


(i) (2-3 X 6-8) -f (2-3 X 17-9) = 2-3 { 
X 2x 


): 


(>>) , — 

® -t- 3/ 

(iii) o’ -h 6 ’ = (o’ + 0 = 6 ) - (a’b -f o 6 ’) + (ab^ + ) 

= a’( )-a5( ) + b‘{ 

= (a + b)( ). 


)■ 


Evaluate with ns little labour as possible 

(5-9)’ + (4-1)’ 

(5-9)’ - (6-9) (4-1) + (4-1)=’ 

(6) The heating effect of an electric current may be calculated from the 
following formula — 

' „ 1-JRt 

TF- ' ’ 


Find the value of I when H = 25,000, B = 110, / = 300. 
State the effect on the value of H of 

(i) halving the value of B, 

(ii) doubling the value of I. - ' 

(7) (a) Find the value of E from the formula — 

E = 1-434 {1 - 0-00077 (t - 15)} , when i = 30. 
(6) Find m from the following equation 

^ ^ 2 ^"-f 1) e«V6nW= 12,B == 30. 


(V.L.C.I.) 


(V.L.C.1.) 


IX 
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(8) (a) la BQ expenznent where etesm vita passed into water the follow* ~ 
ing equation was need to calculate U a required temperature in degreea 
Fahrenheit— 

0-3i> + 0 3(212-0 » 6(<--60]- 

Calculate t to Cie nearest degree when It 270. 

{h) Using ogonthma find the Ta)ue«f 23 x 7'14 0-479. 


(9) (a) Define the logarithm of a ntunber to a given base. 
(6) Find by logarithiua the value of 


. 81-06 X 0 0634 
' 3*74 X 0-7843 * 


(ii) vTm«. 


(10) (a) Express each of the numberafi, 16. 25, 250 
(6) Evaluate lOOO*^, \^l00O. 

(e) By means of logariehme evaluate 
3-41 X -y/Sa 

v'sip 

ni) Solve — 

(&) 2-832t- 49-17: 

(e) 16.6 « + 20-19 


a power of 10. 


. IN.0.] 


{E.M.E.V.) 


(12) Fmd the value of— 

. . 13-8 X 737 X 273 

760 X 289 ' 

(8) V’J3 4 X (0-831)*. {E.M.B.V.) 

(13) By means of the slide rule adjust the numbers 74, 56, 55, 27 and 33 
so that the highest is represented by 250. 

Sketch the settings of the rule when dealing with the number 27. 

(U.F.f.) 

(14) Using the mathematical tables eupplied evaluate the following 
expressions— 

(fl) when S -= 260, 21 « 260 027 ; 

(6) JC tMi 0. when K = 1-5 , 0 w. 48«, (U.fi.O.f.) 

(16) (a) Fill m the spaces in the following table— 


Angle 

Sine 

Cosine 1 

Tangent 

26* 

0 6016 

0-6293 I 

0 1406 



EXAMPLES ON REVISION OF BOOK I xi 

(5) A ladder 20 ft. long rests against a wall with its lower end on the gromd. 

The foot of the- ladder is 8-45 ft. from the wall. Find the angle the ladder 
makes with the ground; . , 

(16) (a) Draw an angle A such that sinA = J, and measure the 
Using measurements from the same figure find cos Ji and tan A., and check 
these values by means of the tables. 

(6) If sin A = J, find the value of j ^ {E.MtE.U.) 

(17) The length of a rectangular block is three times its height, and its 
breadth is half its length ; its height is A in. Obtain a formula for its volume 

in terms of Ai ,ht \ 

If the volume of the block is 36 cub. in. whoit is its height? {N.G.) 

(18) The base of a pyramid is a square of side 6 ft., and the perpendicular 

height is 4 ft. Find (o) the volume of the pyramid, (6) the area of one of its 
slant faces. _ _ (N.G.) 

(19) The X and y co-ordinates of three points A, B and O are given in the 
following table — 


Point 

A 

B 

G 

X (inches) 

2 

-3 

1 

-3 

y (inches) 

1 

-2 

2 


Draw the triangle ABC to a scale of full size and find its area in square 
inches. (U.L.C.I,) 

, (20) A solid bar of steel is in the shape of a cylinder with a conical end. The 
cylindrical portion has a diameter of 4 in. and is 6 in. long. If the total 
length of the bar is 7 in. find the volume of the bar. (Take n — 3-14, and 
give your answer correct to three significant figures.) , (N.G.) 

(21) (a) If - - r = -T - - find c in terms of a and &. 

a, 0 be 

Find the value of c when o = 2, 6 = 4. 

. (6) The fioor of a room is a rectangle a ft. long and b ft. wide. How many 
planks a; ft. long and y in. wide will be required to cover it if an area of c 
sq. ft. is reserved for the fireplace? (E.M.E.U.) 

(22) A metal pipe has an external diameter of 4 in. and an internal diameter 

of 3J in. Find (a) the cross-sectional area of the metal of the pipe, (6) the 
weight of a length of 8 ft. if the metal weighs J pound per cubic inch. (Take 
n = 3-14 and use logarithms to calculate your answer.) (N.G.) 

(23) A cast-iron weight should be 5 lb., but weighs 4-98 lb.. To correct this 

a hole f in. diameter is drilled in the weight and then plugged with lead. 
Calculate in inches to throe significant figures how deep the hole should he. 
The weights of 1 cub. in. of cast iron and of lead are 0-26 lb. and 0-41 lb. 
respectively. (U.E.I.) 

(24) The co-ordinates of a point A are x = 2, y = 1, and of a point B, 

a: = 6, y = 4. Find the length Of AB and the angle (to the nearest degree) 
which a straight fine through A and B makes with the axis of a;. (U.L.C.I.) 

(25) The following table gives related values of pressure (P) and volume 
(K) during the expansion of a gas — 


1 

P 

110 

65 

36-6 

27-5 

22 

18-3 

16-7 

13-7 

12-2 

11 

10 

F 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

22 
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xn 

Piot tha curve cotmectiog P aad T, and find the average value of P during 
the expansion. {UJi.CJ.) 

(-6) Taking 1 in. for one unit on each ana, draw the rectangle bounded by 
the straight lines 

PInd the equation of each of ita diagonals. {B.M.E.V.) 

(27) ^ the following table is given a series of Centigrade therroometer read* 
mgs (C.) and the corresponding Fahrenheit leadisga (F.) 



Plot to os big a ecale as the paper will allow P vertically and C horizontally 
Afiaunung that the connection between F and C nay be expressed in an 
equation of the form P >= o C -f 6 where a and b are constants, find from the 
graph the value of the conatonta a and b (U.V.J.] 




CHAPTER I 

ARITHMETIC AND ALGEBRA 

(Sections and questions which may, if desired, be left for a second reading 
nro inaricod with an asterisk.) 


Arithmetic 


Proportion. By far the greatest number of arithmetical pro- 
cesses in practical, life are dependent on the simple idea of 
proportion. Such statements as “a car goes 35 miles to the 
gallon; it will therefore need 6 gallons for 210 miles,” or “I 
had 10 minutes to catch my train; I have gone half way to 
the station in 5 minutes so I may just catch it” are nothing 
but elementary applications of 'the idea of proportion, and in 
the discussion of forraidae in Chapter II, Book I, we have 
already made extensive use of it. In arithmetic many of the 
questions which are usually classified under rules with com- 
plicated titles can be dealt with qasily and'simply by a common- 
sense application of this idea, and we give some examples " 
worked out on these lines, though the proportion is not ahVays 
forma%. stated. The critical step is almost always of one of 
two tjqoes, of which the following statements are representative. 

1. Eight men do a piece of work in 6 days. Then 1 man will 
do it in 48 da^^^s or 48 men in 1 day ; the 48 (called man-days) is 
a measm’e of the work. 

2. It takes me 4 daj-^s to do a piece of work, then I do J of 
it in one day. 

The use of these steps is to reduce various sections of the 
question to a common basis. 

Example 1 . Forty men can do a piece of work in 21 days ; if 5 
men fall out at the end of every 6 daj'S how long will it take them ? 

Number of man-days required = 40 X 21 = 840. 


During tbo Isfc 6 dnys 40 in6n do 240 mnn-days 


»> 

.. 2nd „ 

35 ,, 

210 

»» 

,, 3rd ,, 

30 „ 

180 


„ 4th „ 

25 „ 

150 


total done == 
>» , >» = 
*♦ »» = 


450 man-days 
630 „ „ 

780 „ „ 


1 
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There now remain 60 man-days, which will be completed 
by the remaining 20 men in 3 da^, or in all 4 X* 6 -f- 3 = 27 
days will be spent on the work. 

Example 2. A man and a boy do a piece of work in 6 days. 
The man alone can do it in 8 days. In how many days can the 
boy alone do it if, when alone, he only woiIm at | the rate at 
wliich he works when with the mani {E.M.E.U.) ' 

In one day the man and tlie boy togeihor do ) ot tbo work 

the man alone does i „ 

„ „ „ tbe boy (working mth the msa) „ t - ) = of the work. 

M >1 »• the boy working by hiauelf ,, { X sV 9*9 work 

or by himself it would take him 32 days. 


Example 3. Twenty-four men working 7 hr. a day dig a 
trench 105 ft. by 8 ft. by 6 ft. in 6 days. How many hours a ^y 
will 16 men have to work to dig a trench 64 ft. by 12 ft. by 3 ft. 
in 4 days 1 

In the first case volume = 105 x 8 x 6 cub. ft., and man- 
hours required = 24 x 7 x 6. 

In the second case volume « 64 x 12 x 3 cub. ft., and 
man-hours required is therefore 


But 16 men are available for 4 days. 

^ 64 X 12^ X 3 


24 X 7 X 6 
10 X 4 


which on cancelling reduces to 6. 

I^ote. In questions involving iatermediate steps as in this one, arithmetical 
reductions should be left as long as poesible. 


Example 4. A well, full of water, into which the influx is 
10 gal. per min. is pumped dry in 30 min. by a pump drawing 
100 gal. per min. If a second pump is installed it is pumped 
dry in 15 min. What is the output of the second pump ? 

With the first pump the well loses 90 gal. per min. and is 
emptied in 30 min. 

• gQ ^ gQ 

to be emptied in 15 Ttdn. it nmsl lose — — = 180 gal. 
per min. ' ^ 

.*. the output of the second pump must be 180 - 90 =* 90 
gal. per min. 

Example 5. A stream fills a well in 270 min. With the 



ABITHMETIG AND ALGEBBA 


stream still running a pump empties the well in 30 min. How 
long would it have taken two pumps of the same power to 
empty it ? 

In 1 min. the stream fi lls of the weU. 

In 1 min. with the pump and stream, ^ of the well is 
emptied. 

.•. In 1 min. the pump alone empties ^ of the weU. 

In 1 min. with two pumps and the stream 

^ ^ ^ ^ of the well is emptied, or 


V30 270/ 


270 

the Avell wiU be emptied in = 14xV min. 

Note, Compare closely with Example 4. 

Example 6. Two wheels, geared together, have 80 and 70 
teeth. The first revolves at 245 revolutions per minute; at 
what rate does the second revolve ? ’ 

Eor one revolution of the first wheel 80 teeth of the second 

80 

will have been engaged, or the second will have made revolu- 
tions. Hence its number of revolutions per minute will be 

80 


70 


X 245 = 280. 


Note. If we have a gear train the rate of the final wheel will be independent 
of the numbers of teeth on the intermediate wheels; thus, for example, if a 
train consists of wheels having 80, 100, 120, 95, 70 teeth, and the first is turning 
at 245 rev. per min., the last will turn at 


80 100 120 95 

100 ^ 120 ^ 96 ^ 70 ^ 

80 

= — X 245 cancelling the lOO’s, 120’s, 96’s 
= 280 r.p.m. 


EXAMPLES I 

(1) Eight men can do a piece of work in 6 days; after 2 days 3 men fall 
out; after 3 more days 2 more men fall out. How long will it take the rest 
to finish the irork? 

• (2) One man can do a piece of work in 4 days and a second can do it in 
G days. How long will it take them to do it working together? 

(3) A and B do a piece of work in 6 days; A alone could do it in 10 days 
In what time could B do it alone ? 
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(4} One man doea a piece of woric in 22 days but two men together, working 
more e£5ciently, can cio it in S days. Two men and a boy do it in 4 days 
If the men's rate of working ia not eOected by the prescnco of the boy how 
long would it take a man and a boy to do it t 

(5) A trench 60 ft. by 0 ft. by 4 ft. is excavated by 6 men in 3 days How 
long would it take 8 men to excavate a trench 120 ft. by 8 ft. by 6ft. working 
the eame number of hours a day t 

(6) A cistern can be tilled by two miet taps in IS min. , When it ia half full 
one tap is shut off and the second completes the filling in 12 zmn. Find how 
long It would take the first tap to fill it from empty. 

(7) Two men nm at pniform rates. One runs 100 yd. in 10) see. and beats 
the other by 2} yd. By how long will he beat bun ? 

{8} A cargo boat sailing from a port X calls in turn at 7 and Z and then 
returns direct to X; the distances ate X to Y 100 miles, F to ^ 160 miles, 
Z to X 200 miles. For one merchant it cameo 160 tons from X to F and 36 
from X to Z ; for another it cameo 80 tons from F to Z and 140 from F to X. 
Xf their total bUI is £170 what should each pay! 

Ratios. If the weight of one machino is 20 tons and that of a 
second machino is 36 tons we may say that their weights are 
in the ratio of 20 to 36 (usually written 20: 36); we might 
equally have said that the weight of the first = that of the 
second, and it is then clear that a ratio obeys the same rule for 
cancelling as a fraction, that is 

20:36 s 5: 9. 

It is important to notice that %7e can only have a ratio 
between quantities bf the same typo ; we cannot have a ratio 
between 12 pigs and 8 horses, but wc can. have the ratio “ the 
numfterof pigs to the namfterof horses is 12:8" (the ratio is then 
between two numbers). Further, the two quantities must not 
only be of the same general type, but they must also be measured 
in the same units. Thus, to find the ratio between weights of 
4 lb. and 12 oz. we have 
either 4lb. = 4 X 16 oz. 

and the ratio = (4 X 16); 12= I6:3oancellingthroughby4, 
or 12 oz. =^^lb, 

and the ratio = 4;-i^ = 4;i = 16 :3 multiplying through 
by 4. 

The idea of’ a ratio can be immediately extended from two 
to any number of quantities of the same type ; thus, if for four 
pieces of metal, the weights of which are given as 
A B C D 

4 lb. 12 oz. 18 oz. 24 oz. 
i.c. 64 oz. 12 oz. 18 oz. 24 oz. 
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we may saj’^ tliat the weights are in the ratio • 

G4 : 12 ’ : 18 : 24 

= 32 : 6 : 9 12. 

It is important to note that to obtain the second hne we have 
divided right through by 2 ; Ave may divide (or multiply) by 
’anjdhing we lilcc, but we must do it to every number of the. 
ratio sequence. 

The methods of using ratios are given in -the following 
worked-out examples, which the student should read carefully. 
He will notice the frequency with wdiich the “idea” of parts is 
introduced. 

Exajiple 1. Divide a weiglit of 48 lb, into two parts in the 
ratio of 5 : 7. 

K the weight were dividsd’into 12 (i.e. 5 + 7) equal sections 
one part would consist of 6 of them and the other of 7, or the 
parts are 

5 X ^ = 20 lb., and 7 X -if = 28 lb. 

ExAi\rPLE 2. The outputs of machines + and B are in the 
ratio 5:6; the outputs of machines C and B are in the ratio 

3 : 4, Eind the ratios of the outputs of A and C. 

I - •* 

We have 

B . G Note the inversion ; the 

5:6 4:3 question gives G to B 

or (5 X 4): (G X 4) (4 X 6):(3 X 6). 3:4. 

5X4 parts for A and 3x6 parts for G now both correspond 
to the same number of parts for J?; namely 24 (= 6 X 4 or 
4 X 6), or the outputs for A and G are in^the ratio 

(5 X 4) : (3 X 6) = 10 : 9, cancelling through by 2. 

Example 3. Two points of an electric circuit are connected 
by three w'ires; the current in each wire is inversely propor- 
tional to the resistance. If the resistances are in the ratios 
4:6:8, and the current in the third wire is 2| amperes, find 
the total current. 

Ratios of resistances 4:6:8 
ratios of emrrents = i : i | 

N. = 6 ; 4 ; 3 multipl 3 'ing through bj^ 24 
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If these numbers represent parts then 
3 parts are 2J amperes 

and the total current equals 6 + 4 -f 3 = 13 parts 
and ia x V = amperes. 

Example 4. The rveighta of two cubes, one of wood and one 
of iron, are in the ratio 7 : 9. The volumes of equal weights of 
wood and iron are in the ratio 19 : 2. Find the ratio between 
the volumes of the cubes. 

The volume of 1 Ib. of wood 1 9 

the volume of 1 lb. of iron ~ 2 
the volume of 7 lb. of wood _ 19 x 7 133 

' ' the volume of 9 Ib. of iron 2 x 9 ** 18 ’ 

But the weights of the cubes are in the same ratio as 
71b. to 9 lb. 

their volumes are in the ratio 133 : 18. 

Example 6, The weights of two cubes, one of wood and one 
of iron, are in the ratio 7 : 9. The weights of equal volumes are 
in the ratio 2 : 19. Find the ratio between the volumee of the 
cubes. 

The weight of 1 cub, ft. of wood 2 
the weight of 1 cub. ft. of iron 19 
the weight of J cub. ft. of wood 1 

■ * the weight of cub. ft. of iron 1 

the weight of j cub, ft. of wood 7 
' ' the weight of cub. ft. of iron 9 

the volumes of the cubes are in the ratio 
7 9 

g: = 7 X 19:9 X 2 = 133: 18. 

Nott. Comp&re tbe woit^ge of Exftmplos 4 a&d 5 veiy closely. 

‘Example G. In one pile of fuel the ratio by weight of coal 
to coke is 2 : 3 and in a second pile it is 9 : 2. If the piles are 
mixed, the weights of coal and coke are in the ratio 2:1. "What 
is the ratio of the total weights of the piles ? 

Suppose the ratio is x: 1. 
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In the first pile ^ is coal and ^ is coke. 

9 2 . 

Tn the second pile jj- is coal and is coke. 

for X tons of the first pile and 1 ton of the second, since the 
total "weight of coal is twice that of coke. 



and the required ratio is 25 : 44. 

EXAMPLES n 

(1) Divide 72 into two parts in the ratio of 13 ; 6. 

(2) A number is divided into three parts in the ratios of 7 : 9 : 21. The 
smallest of the parts is 36 ; find the number. 

(3) Two taps A and B fill a tanlc in 1 lir. 25 min. If the ratio of their fiowe 
is 6 : 6, how long will it take A to fill the tank alone ? 

(4) Tluee streams A, B, 0 supply a well. If the fiows of A and B are in 
the ratio 7 : 2, and those of B and G in the ratio 5 : 6, what is the ratio of the 
flows of A and C 7 

If the total flow is 28,600 gal. per min. what is the flow of each 7 

(6) The heights of two objects of the same material and shape are in the 
ratio of 7 : 2. The ratio between their weights equals the ratio between the 
cubes of their heights. If the smaller one weighs 24 lb. what is the weight of 
the heavier 7 

(G) The areas of two objects of the same shape are in the ratio of the squares 
of corresponding lengtlis. On one map the area occupied by Great Britain 
is 8-45 sq. cm. and on another, it is 2-45 sq. cm. "Wliat is the ratio between 
the scales on which the maps are drawn? 

(7) One alloy of metal A and metal B contains them in the ratio 6 : 4, 
and a second contains them in the ratio 7 : 6. Equal quemtities of each are 
mixed. In what ratio are the alloys present in the mixture 7 

(8) An alloy of metal A and metal B contains them in the ratio of 6 : 4, 
and a second alloy contains them in the ratio of 7 : 3. By melting the two 
together a third -alloy is obtained containing A and B in the ratio of 12: 7. 
If 60 tons of the second alloy were used what was the total weight of the 
mixture? 

Algebra 

Linear Simultaneous Equations. We found in Chapter VII, 
■Book I, that the graph of an equation of the first degree in 
X and 7/ is -a straight line, and that, if we are given two such 
equations, 'the x and y co-ordinates of the point of intersection 
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of the two lines which form their graphs are the values of 
X and y which satisfy both the equations. Two equations of 
this typo are called linear simultaneous equations, and the 
process of finding the values of x and y is called finding their 
solution. 

Algebraic Solution. We are given two equations in x and y. 
To solve these equations we obtain from the two a single 
equation in z (or y) only and then proceed by the ordinary 
methods for simple equations. The process will be most clearly 
explained by means of somo worked-out examples. 

{The formation of an equation containing x only is con- 
veniently termed diminating y.) 

Example 1. Solve the equations 3y = 8 (i) 

-f 7i/ = 4 (ii) 

We notice that 3y occurs in the first equation and 7y in the 
second; in order that wo may have tho same number of y’a 
in tho two equations, we multiply tho first equation right 
through by 7 and tho second by 3. This doss not aflect tho 
equalities and wo obtain, 
multiplying (i) by 7, 

2Sz + 21y = 5C 

multiplying (ii) by 3, 

I6r: + 21y= 12. 

Then tho differences of the equals, (28z + 21y) - (I6z -f 21y) 
and 66 - 12, will be equal, so that, by subtraction, 

13z = 44 
44 

X - jg. 


To find y. 


from (j) 


3y 


8-4x 
8-4 X 


11 

13 


176 

13 


13 

13 


or 


24 

S' ““is 


and the solution of the equations is x 


44 _ 24 
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We have in tliis solution first obtained x and then, using the 
equation (i), have obtained y from it ; we can check the accmacy 
of our work by testing in equation (ii) 

+ = 4:. 


When X : 


13 


ana y 


Note 1. The solution of the equations should always bo given in the form 
44 24 44 24 

X = —I y = -T5> not Ans. = — , -ys. ns this does not state clearly which 
Xo Xq X«5 Xo 

is X and which is y. For the sake of brevity, however, the answers printed at 
the end of the book will be given in this form (with the x value first) ; but 
it should not be used by the student. 

Note 2. The correctness of answers should always be checked when prac- 
ticable. We show the check in the early examples, but have omitted it in 
the later ones to save space. 


(i) 

(ii) 


ExAiilPLB 2. Solve the equations 5.1; -{- By = 8 

2a: - 4y = 5 

We note that 12 (= 6 x 2 or 4 x 3) is the smallest number 
contahung 0 and 4. 

Multipl 3 dng (i) by 2 10a; + 12y =16 

multiplying (ii) by 3 6a; - 12y = 15 

adding 16a; = 31 

31 

^~16 

from (ii) 4y = 2a; - 5 


31 


31 


9 


==2X jg-5 = -^-5 = -^ 


8 


8 


or 




and the solution of the equations is a; =. 


16’ 


y = - 


32' 


31 Q 

Chech. Using equation (i), 5.a; -{- 6y = 5 x 6 X — 

16 32 


Exaimple 3. Solve the equations 
a; - 3y + 4 = 0 


_ 128 

16 16 


(i) 
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We first rewrite the equations in the standard form 
from (i) x-Zy =-4 (iii) 

from (ii) 6ar— 2y s=-7 (iv) 

multiplying (iii) by 6 5x— IBy = - 20 

subtracting from (iv) \Zy = 13 

or y = 1 

from (i) a; - 3 + 4 = 0 or a: = - 1 

and the solution of the equations is a; = - 1, y = 1. 

Check. Using equation (ii). Bar = - 5, 2y - 7 = 2-7 = - 5, and 
the solution is correct. 

ExAiiPLE 4. Solve the equations §{ar- l)-y = ar-|(y- 1) 
= 2a: - 3y. 

Separating the equalities, we have 

J(a:-I)-y=2a:-3y (i) 

*-Hy-l) = 2a:-3y (ii) 

from equation (i) a: - 1 - 3y = 6a; - 9y 
or - Bar + 6y = 1 (iii) 

from equation (ii) 5a: - y + 1 =* 10a: - I6y 
or - 6a: -f- 14y = - 1 (iv) 

subtracting (iv) from (iii) - 8y = 2 
or y = - J 

from (iii) 6z = 6y-l = -^-1 = -f 

or X = -l 

and the solution of the equations is x = - y s= - 

Check. As we have not used the equations in their original 
form in the actual solution, we must check in all the expressions. 

When X = - J, and y = - J 

=j(-5) + i =-i, 

*-i(y-i) =-i, 

ac-sy =-i + i =-}. 

and the solution is correct. 

Note, In Examplee 1> S, 3 one of the original equaiiom wsa used to give 
one answer directly, and it was eofScient to check in the other equation: m 
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Example 4 we have to check throughout in order to guard against slips in 
the first stage when we rearrange the equations. 


* Literal Equations. In our previous ' examples we liad 
equations wHch connected the unknowns by means of numbers ; 
in literal equations some or all of these numbers are replaced by 
general symbols, a, b, . . but the principle of the solution 
is exactly the same as before. 


ExLiiviPLE 5. Solve the equations 
ax-by = ab 


X _b a 
a b a b 


Multiplying equation (ii) by b^ 

b'^x , b^ , 
by — ab 

, / b^ 

adding to (i) ( ® 1 ^ ~ 


or 

from (i) 

or 


63 


X 


a^ + 6? 
by = ax - ab 
ab^ 

"" (*2 ^ 62 


-ab = ~ 




0-2 -}- 62 




a2 + 62 

and the solution of the equations is 

63 


X = 




a;2 + 62 


y = - 


a2-f- 62 


(i) 

(ii) 


Check. Using equation (ii) 

XU /'63 a,^\ I 
' a+b = {-^-T)/(-^ + ^^ 


b“ — ar 6 a 
ab • a b’ 



and the solution is correct. 
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EXAMPLES III 

Solve the equations 

(1) 2* + 3y = 8, 6*+ 2y « 7. 

(2) ix + 6y = i,x-y ^ 1. 

(3) x-iu = 3, 2i-y = fi. 

(4) 3j:-2y-4 == 0, 8*-7y + I = 0. 

(5) a: - 4y + 6 « 0, 3* - 2y + 2 = 0. 

(C) 2*-y = 3. 7 j! + 10^ = C. 

(7) * - 3y = 8, ar - 2y = 3. 

(8) 2® - y + 1 = 0, Sa - 7y + 10 = 0. 

(9) it + y + 1 = 0, 111 — 3tf + 3 *= 0. 

(10) 3x-4y + 3 = 0. 2x + Oy = C. 

•(11) ax - 6y =o + 6, * -h y = 1. 

•(12) a (ox -h 6) 6 {6i/ 4- a)» o {6*-o) *» 6 (ay-fc). 

*Miscdlawoua Simultaneous Equations. 


Example 6. Solve the equations 


y+ 1 

We take, temporarily, x and ^ as our unknowns. 


('■) 

(ii) 


2x- 


Multiplying equation (il) by 2 

4 

+ 1 

5 

y + i 


subtracting from (i) 


8 

- 6 


y + i 

and I + (y + I) = 0 

y = - 2 

from (ii) a: - 2 (- 1) = 4 

or ® = 2, 

and the solution of the equations is x = 2, y = - 2. 

Chech. In (i) 2 X 2 -)- 
correct. 


- 2+1 


= 4-1 = 3 and the solution is 


ExAsrpLE 7. Solve the equations 

2* + 3* = fl 
2X + 1 4. 4 X 3*'= 18 


0) 

(ii) 
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We re-write equation (ii) as . 

2 X 2= -f 4 X S'' = 18 

or 2* -f- 2X3*' =9 (Hi) 

and, taking 2= and 3'' as the unkno’wns, solve equations (i) and 
(iii) to obtain 2» = 1 /. a; = 0 

and 3'' = 4 /. 2 / log 3 = log 4 

■6021 

y = ■ — 1*26 

^ -4771 


and the solution is, x = Q, y — 1*26. 

P.vAArPT.n 8. Solve the equations 

x^ + y — 4: (i) 

2a:2 + 3?/ = 3 (H) 

These are not linear equations in x and y, but we can con- 
sider them as linear equations in x- and y and, solving in the • 
ordinary way, obtain a;® = 9, y = - 6. If a:® = 9 then x is 
either 3 or - 3, and the solutions of the equations are 

X — 3, y~-5 

or z = - 3, y = - 5. 

In Examples 8 and 9 the check should be made ii 
equations (H). 


Exampue 9. Solve the equations 

2x -h 1 / + 3z = 13 ■ (i. 

x-y z = 2 (ii . 

3x 5y — 2z= 7 (iH_ 

In this case we have three unknowns x, y and z connected 
by three equations. Erom two of the equations we eliminate 
one of the unlmowns, and from another pair of equations we 
eliminate the same unknown. We then have two equations 
between two of the unlmowns, which we solve as before. 

adding equations (i) and (ii) 3rc + 4z = 15 

adding 5 times (ii) to (iii) 8a; -f 3s = 17 

solving these two equations we obtain a: = 1, ^ = 3 
&om (ii) we then have 1 - 3 = 2 

y~2 

and the solution of the equations is a: = 1, y = 2, z = 3. 
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Chech. lYom (i) 2a: -j- y + 32 = 2 -f- 2 + 9 = 13 
(iu) 32 + ^-22 s=3 + 10-6 = 7 
and the Bolution is correct. 

Note. The method of Example 9 can clearly be extended to any number of 
unknowns provided we have exactly the same number of equations aa we 
have unknowns. 

Problems Leading to Linear Simultaneous Eauations. In 
Chapter HE, Book I, we gave examples of the solution of 
problems in which the information given in the question was 
represented by an equation of the first degree in one unknown. 
It is often, however, more convenient {and sometimes almost 
necessary) to ns© two or mote nnknowns, and we now give 
some examples of this type. 

Example 1. A boy buya a number of articles at Is. each 
and a number at la. 4d. each, spending in all £1 12a. If he had 
bought three times as many at Is. and half as many at Is. 4d. 
he would have bought 7 more. How many did he buy of each 
kindl 

Suppose be buys x articles at Is. each and y at Is. 4d. each. 
From the information on total cost, working in shillings, we have 

* + y = 32 (i) 


and from the information on total numbers 



l-(l + y) = 7 

(ii) 

From equation (i) 

3z + 4y = 06 

(iii) 

from equation (ii) 

4x-y =5 14 

(iv) 

multiplying (iv) by 4 

16x-4y = 66 


adding to (iii) 

19x 2 = 152 


or 

x=8 


and from (iv) 

y = 4 X 8 - 14 = 18. 


He bought 8 at la. 

each and 18 at Is. 4d. each. 



Chech. Total cost = 8s. + 24s. = 32s. 

Nutnhera, 8 + 18 = 26, 3 X 8 + J X 18 = 33, or 7 
more than 26. 

NoU. When checking problena it ia jdways advisable to go back to the 
question itself, not to the equatioOB. 
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Example 2. A factory contains machines of two designs. 
If one machine of type A and two of tj^e B are working 
their total output per day is 420 Ih. One machine of each 
type is started to carry out an order of 3660 lb. ; after two 
days the type B machine breaks down and after two further 
days three machines of the same type are started, and the 
order is completed five days later. Find the daily output of 
each type of machine. 

Let a; lb. be the daily output’ of t5rpe A and ylb. that of 
type B. 

From the total daily output a; + 2y = 420 (i) 

In the 9 days the output of the type A machine is 9.r, and 
the total output of the type B machines is 2y + 6 (3y) = 17y. 
From the total output 9a; + Vly = 3660 (ii) 

multiplying (i) by 9 9a; + ISy = 3780 

subtracting (ii)' y = 120 

and from (i) ’ x = 420 - 2 x 120 = 180. 

The daily outputs are 1801b. for type A and 1201b. for 
type B. 

Chech. 180 + 2 X 120 = 180 + 240 = 420 

9 X 180 + 2 X 120 + 5 X 3 X 120 = (162 + 24 + 180)10 
= 3660, and the solution is correct. 


Example 3. The power to drive a factory is derived from 
three sources'; if the first source is trebled and the third cut 
off the power supplied is 330 h.p. ; if the second is doubled 
the h.p. is 310; if the first is cut off the h.p. is 140. Find the 
h.p. drawn from each som-ce. 

Let X, y, z h.p. be the powers supplied. 


First case 3a; + y = 330 

second case a;. + 2y z =310 

third case y -j- z = 140 

Subtracting (iii) from (ii) a; -{- y = 170 


(i) 

(ii) 

(iii) 


subtracting from (i) 2x = 160 


or a; = 80 

from (i) y = 330 - 3 X 80 = 90 

from (iii) z = 140 - 90 = 50. 

The powers are 80, 90, and 50 h.p. 
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EXAMPLES IV 

la Questiona 1 to 4 solve the equations 

'' X y X y 

*{2) 4* 4- S*' = 11. 3 X 4* + 4 X 3* = 42. 

•(3) ** + s,« = 1, 2*> + 3y* = 11. 

»{4) 2x + 3y + 2 = 16.*4-y-* = 7, 3i:-y-2* = 4. 

(5) A rod is cut into two sections: thiw tunes one section exceeds the other 
by 17 in. and seven times the first with five tunes the second is 58 in. Find 
the lengths of the sections. 

(6) Two men, starting at the same time irom points 8 miles apart and 
walkmg towards each other at steady rates, meet after 1 hr. If the first had 
walked at 2 m.p h. less thnn donble hia speed and the second at 1 m.pdi. 
more than half hia speed they would etiU have met after 1 hr. ^Vhat were 
their speeds t 

(7) The total cost for labour and materials to a builder carrying out apiece 
of work ia £480. If the coat for labour iacreases by 10 per cent, and the cost 
for materials decreases by 6 per cent, the total cost becomes £406. Find the 
origmal costa for labour and matenala. 

(8) The perimeter of a rectangular plate is 160 in. If the length were 3 per 
cent longer and the breadth 5 per cent longer, the perimeter would be 166 in. 
Fmd the length and breadth 

(9} A roan bought two fields for £300 and sold them fot £337. If he made 
10 per cent profit on one and 16 per cent on the other (both on the cost prices), 
how much each did thev cost him 1 

(10) A man bought throe fields A, B ond C for £360 A and B coat him 
equal sums, but he sold them at profits of 12 per cent and 10 per cent 
respectively, and he sold C at a profit of 15 per cent (all on cost price). If 
hia total profit was £46, how much did each field costhim T 

(11) The sum of the digits In a number of two digits is 16. If the digits 
are interchanged, the number is decreased by 18. Find the number. 

(12) The sum of the digits in a number of two digits ia 11. If the tens 
digit IS doubled and the units digit is halved, the number ia increased by 26. 
Fmd the number. 

(13) Using 16 machines of one type and 11 of another, each making the 
same article, a manufacturer's output is 528 articles per day. If ho replaces 
all bis machmes of the second typo by machines of the first, his output ia 
increased by 12} per cent. How many articles are made per day on each 
type of machine? 

(14) XJeing 9 machines of one type and 7 of another, each maVdng the same 
article, a manufacturer’s output is 287 articles per day. If he uses 7 of the 
first typo and 9 of the second, the output is 306 a day. How many are made 
per day on each typo of machine T 


Quadratic Equations. An equation in ono unknotni contain- 
ing powers up to the square ia called a quadratic equation. 
Quadratic equations with more than one unknown are usually 
beyond our present scope, but we give the simplest cases at 
the end of the chapter, 

llany problems in practical work reduce to quadratic equa- 
tions, and their solution is of the greatest importance. We have 
already, in Chapter VII, Book I, given one method of obtaining 
a graphical solution, and fvsrth^ ^aphical work on them will 
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be given in Chapter V. We must here consider the algebraic 
solution. 

Method 1 : hy Factors 

ExAMPiiE 1. Solve the equation x^- 5x 6 = 0. 

Now x^ - 5x + e ~ {x-3) {x- 2), and the equation can 
therefore be re-written 

'■(x-3)(x-2) = 0, 

and it is clear that x^- Sx -\r Q will be zero if, and only if, one 
of the factors {x - 3) or (x - 2) is zero, that is, if x equals 3 or 2 ; 
the solution of the equation is x = either 3 or 2. 

Note. Tho 3 and 2 are usually referred to as the roofs of the equation, and 
the question may be worded “Find the roots of the equation . . 

- Example 2. Solve the equation 

2*2 -f 9* = 5. 

Re-'\vxiting in standard form 

2*2 -J- 9* - 5 = 0 
factorizing (2*- 1) (* -f 6) = 0 

X = i or - 5. 

Example 3. Solve the equation 

p *2 ^ qx-p ^ q = 0, 

Multipljdng through by p 

(pxY -f q (px) -pip-q)'=0 
factorizing ‘ . {px -f- p) (px -p q) — 0 
px = - p ovp-q 
X = - lor (p- q)lp. 

Note. We can multiply (or divide) through by any number or symbol which 
does not contain the unknown ; we cannot multiply or divide by the tmtaown ■ 
or anything containing the unlmown, , 

The process of solution by factors can be given in the form 
of the rule : “ Write the quadratic equation.as an expression equal 
to zero, and factorize the expression. Each value of x which 
makes a factor 'zero is a root of the equation.” 

Some further examples of solution by factors are given in 
tabular form. 

Equation Factor form Roots 

(i) 6x’ + a-l = 0 (3®-l) (2® + 1) = 0 h-h 

(ii) 2®» + 8® -f 6 = 0 2 {® + 1) (a + 3) = 0 -1,-3. 

(iii) 4®“ - 8® = 0 4® (® - 2) = 0 ' 0, 2. 

(iv) ®* + 2® +’l = 0 (a +1)2 = 0 -1,-1. 
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^ote. In (ii) th» 2 in the factor form does not affect the roots. 

(ui) We cannot eay 4**— 8r ^ 0. therefore dividing through by 4*, 
« — 2 = 0 and therefora x ^ 2. (We can divide through by 
the 4 if we wish.) 

(iv) The roots are equal. 

Method 2: by " Completion of (he Square.*' In tins method we 
must keep in mind the formulae ' 

a* + 2 c 6 + 6* = (a -f J)*, 
a* - 2<i6 -f- =® (® •“ h)\ 

(In the illustrative examples the answers are given to two 
decimal places.) 


Example 1. Solve the equation a* -f* 5® + 3 » 0. 
We first re-write the equation as a:* -f- 2| 




Comparing the left-hand side with the left-hand side of the 
first identity we see that we have x for a and g for b, and adding 


(I)' 


(i.e. 6^) to both sides to complete the similarity 


=r* + 2| 


'5\ . /6V « 25 

,2r+{i}=-^+T 

( , sy 13 

(^+2j=.T 


taking the square roots of both sides 




: either 


•v/ia y/n 


and the solution is therefore 


■♦r. 5 . V13 

X = either - r H 


2 ■ 
•v/13 


^ofe 1. When the u added to tha lcft>htuid eide great care mu«t be 
26 

taken to add the correct equivalent — to the right-hand aide. 

, -3™ i, rtlta ± VI? ™ ™in„. 


Note 2. Either - 


root thirteen 
not 4), and the answer is wntteo as 


'er 2 — notice also that on taking the square root it is over 2, 
-B± ./13 
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Example 2. Solve the equation 

3a;2 - 5a; - 4 = 0. 


6 4 

* - 3*“3 = " 


]X 


4 

3 


Dividing by 3 

re-writing a;" - 2^ ^ : 

completing the square 

/6\ /5V 4 , 25 

(ej “ 3 36 

or 


(-1) = 


73 

36 


or 


5 . V73 

^ ~ 6 ^ 6 

a; ^ ^ = 2-26 or - 0-59. 


EXAMPLES V 

In Qtiesitom 1 to 9 solve the equations by the method of factors. 

(l)a:*-7a:-f 12 = 0. (2) a:^ - 5a: - 24 = 0. (3) a:» + 12a: -f 27 = 0. 

(4) 2x' - 6x -t- 3 = 0. (6) 6x» -f 6x = 4. (6) 8x».4- 6x + 1 = 0. 

(7) 9x* - 27x = 0. (8) 4x' -{- 1 = 4a:. - (9) 25x*- lOx -f 1 = 0. 

In Questions 10 to 18 solve the equations by the method of completing the square. 
"Where the answers are approximate give them to two decimal places, 
(10)x»-7®-J- 2 = 0. (11 )x2_3 = 6x. (12) 2®* - 9x + 2 == 0. 

(13) 3x= -1- 9® - 6 = 0. (14) 4x’ -f I = 8x. (16) 2x^ + 7* + 2 =0. 

(16) 4x* - 13x -i- 9 = 0. (17) 6x» - 23x -}- 20 = 0. (18) 12x=- 56x -f 28 = 0. 


Method 3 : by Formula. We take as the standard quadratic 
expression 


ax^ 6a; -f- c = 0, 


and obtain the formula for its roots by the method of completing 
the square. 


ax^ -}- 6a; -f c = 0 

„ b c 
a;2 + -a; + - = 0 
a 'a 



X 


c 

a 
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+ 2 


/ . 6V 6®-4flc 

\® 2a/ ~ 4a» 


6 iV6®-4ac 
® ^ 5rt 


and the formula for the roota fa 

- 6 i V6* - 4ac 


Ib will be seen at once that the formula is really a convenient 
summary of the process of completing the square. In its use 
great care must be taken that the signs are correct, and until’ 
the student is fully master of it he should tabulate the values 
of a, 6, e as shown in brackets in the illustrative esampIesJ 
The method by factors should only be used when the factors i 
can be seen at sight. 

Points which oro a source of frequent errors in the formula, 
and which must be specially noticed aro 

(1) the 2 of 2a 

(2) the 4 of - 4ac 

(3) the - 6 is over the 2a 

Example 1. Solve the equation 8x* - 21z + 10 = 0. 

/ _ ^ .A- 4ac^ 

(^a = 8, 6 = - 21, c = 10, a: = ^ — ~ j 

-f 21 ± V(- 21)2- 4. 8. 10 
2.S 

+ 21 i V441-320 + 21 ± VISI 

~ IG “16 

- + 21 j: II 32 10 

“ iTj “ 11> 


^’ole. 6 is -21, -6 is then + 21,6* = (-21) x (-21) « + 441. 
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Example 2. Solve the equation + 4a; - 6 = 0. 
( 

3,6 


a 


4, c = - 6, a; = 


- 6 i "Vb^ — 4oc 


2a 


-4 ± V4:^ - 4 . 3 . (- 6) 


2.3 


- 4 ± Vie + 72 - 4 ± V88 

6 ~~ 6 , 

-4 ± 9-381 5-381 13-381 


or-- 


6 6 6 
= 0-90 or - 2-23 to two decimal places. 

Note. In -writing down 4ac as 4 . 3 . (- 6) we use the bracket to avoid the 
danger of confusion in sign. 


Example 3. Solve the equation - x - 7 = 0. 

- 6 ± Vb“-iac\^ 


^a = 1, 6 = - 1, c = - 7, a: =' 


2a 


+ 1 ± V(-l)2-4.1.(-7) +l±^29 

2.1 “2 
= 3-19 or - 2-19 to two decimal places. 
Example 4. Solve the equation 2x^ + 8a; + 5 = 0. 

- 6 ± Vb^~ 4ac^ 


^a = 2, 6 = 8, c = 5, a; = 


2a 


- 8 ± V82 -4.2.5 - 8 ± V24 

^ 2.2 ” 4 

= - 0-78 or - 3-22 to two decimal places. 


examples VI 

Solve by formula the equations (giving approximate answers to two decimal 
places) — 

(1) 2®s-6a:+ 1 = 0. (2) 5a:= + 7s - 8 = 0. (3) 3s=- 6s- 8 = 0. 

(4)ss+ 13s + 3 = 0. {6)7s2-23s + 5 = 0. (6) 2s»-3s-6 = 0. ‘ 

(7) 8s’ -64s + 63= 0. (8) 24s’ + 22s - 35 = 0. (9) 30s’ + 61s + 30 = 0. 

(10) s=-0-3s-3 = 0. (11) 0-4s’ + 0-16s- 1 =0. (12) -3s’ + 7s + 2 = 0 

(13) 24s’ - 74s + 36 = 0. (14) 27s= - 51s - 28 = 0. 

(15) 12s= + 26s + 12 = 0. (16) s’ - 0-07s - 0-045 = 0. 

(17) 6s-" + 30s -f 44-2 = 0. (18) - 0-7s’ + 0-63s + 0-6 = 0. 

(T.m) 
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Problems Leading to Qaadratic Equations. We now give 
some examples of problems in winch the equation representing 
the information given in the question is quadratic in one 
unknown. The quadratic equation gives rise to two roots, and 
it frequently happens that one of these roots does not correspond 
to a practical solution of the problem. An inquiry into the 
practical applicability of the roots (and rejection where neces- 
sary) is an easenlial pc^rt of the answer. 

Example 1. The perimeter of a rectangular lawn is 338 ft. 
and its area is -7040 sq. ft. Find the lengths of its sides. 

Let X ft. be the length of one side ; the length of half the ‘ 
perimeter is 168 ft. and the length of another side is therefore 
(168 -«) ft. Hence from the area 

je(16S-ic) = 7040 
X* - 168x -h 7040 « 0 

16S ± Vl68*-4 .7040 
2 

which gives x « 80 or 88 
for the other side 1C8 - x = 88 or 80. 

Both roots aro applicable, but lead to the same solution — the 
lawn measures 80 ft. by 88 ft. 

Example 2. The price of goods is £1 per gross with a reduc- 
tion of as much per cent as the number of gross available. 
Find how many gross there were in a parcel of goods sold for 
£22 16s. 

If there were x gross the price per gross would be 1 - 

or X*- lOOx -f- 2276 = 0 

100 ± V 100* -4. 22^ 

2 

which gives x = 35 or C5 
and both answers are clearly possible. 

, (We might interpret the 35 as being below the normal 
demand of the market and the 65 as representing a glut.) 
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Example 3. Equal squares are cut from the corners of a 
piece of rectangular sheet metal 21 in. by 16 in. so that the 
area of each square is equal to the area of the central rectangle 
left in the sheet. Eind the length of the side of the square. 

Let X in. be the side of the square (see Eig. 1), then the sides 





Fio. 1 


of the central rectangle are 21 - 2x and 16 - 2a;, and from the 
equality of areas 

(21 - 2a;) (16 - 2a;) = a;^ 
or 3a;2 - lix + 336 = 0 

74 ± V742 -4.3.336 ' 

a; _ g 

which gives a; = 6 or 18|. 

If a; = 6 the rectangle left is 9 by 4. 

If a; = 18| the sides of the rectangle are negative. 

Hence the only practical result is a; = 6 in. 


Example 4. I buy 75 tons of goods of twm sorts. One sort 
costs £76, and the other, at £2 per ton more, costs £88. What 
is the cost per ton of the first sort? 


nr* 

Suppose the first sort costs £a; per ton, then I buy — tons of 

X 

• 88 7Q 00 

it, and , _ tons of the second sort, and 1 = 75 

^ -r ^ X . X -j- 2 
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Multiplying through by a; (z -J- 2) 
we have 7Cz + 1S2 + 88z = 75z* -j- 160r 
or 75z2_14a:_i52s=0 



which gives z = ~ 3 og* 

A negative result is clearly inadmissible, and the answer is 
£3^ or £1 103. 4Jd. per ton. 

EXAMPLES vn 

(1) Tbeproduct of two nuinb«M ia 294; thoir sum is 35. Find the nmobers. 

(2) Of the two sides of a nght-engled tnangla which include the right angle 
the length of one exceeds that of (bo other by 7 (t., and the area of the triangle 
IS 30 sq. fl. Find the length of the shorter side. 

(3) The hypotenuse of a right angled triangle exceeds one side by 1 in. 
and the other by 8 in. Find the length of the hypotenuse. 

(4) When anumbcr of men are worlong together the percentage increase in 
the output per man is equal to the number of men employed. What number 
of men working together is equiTsJeat to 24 Tnen working separately f 

(5) Two sheets of metal are of equal area. One is twice aa long as it is* 
broad. The breadth and length of the second exceeds the breadth, of the 
fint by 8 in. and 12 in. respectively. Find the breadth of tbe first. 

(S) Two men walk 21 oules. u one goes 1 mile an hour faster than the 
ether, and takes 1 hr. 20 mm. less tune, bow fast docs ha got 

(7) Tbe length of a rectcagular plate exceeds the breadth by 14 in. and the 
area is 792 sq. in. Find the breadth. 

(8) Thepemnotor of 0 rectongularfield is286 yd. and its area is l.ac. Find 

the lengths of the sides. < 

(0) A man spends £10 lOs. on one quality of cloth and £10 on a cheaper 
quality, of which be buys 4 more yordk If the diiTerence in price is 2s. per 
yard, how many yards of tho best quoLty cloth did he buy f 

(10) In a 400'nulo raco. one car gives another 34 miles start and travels 
8 miles per hour faster. If the faster car reaches tbe finishing post 5 min. 
before the other, at what rate (m m.p.h.) did it travel ? 

(11) The area of an isosceles triangle is flOsq. cm. and the equal sides are 
13 cm. long. Calculate the height. [ATors — If s is the height, the equation 
for a IS quadratic in x‘ : there are two solutions.] 

(12) The area of a rectangular plate is 12 eq. in. and the perimeter is 14/6 
of a diagonal. Calculate the lengths of the eides. 

*Simnltaneons Equations: One Quadratic, One Linear. In 
equations of this typo we use the linear equation to eliminate 
one of the unknowns from the quadratic equation. 

Example 1. Solve the equations 

y- + ary + 2z-22 « 0 
3z + 2y« 11 


(i) 

(H) 
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In equation (i) x enters to* the first power and y to the second. 
It will therefore be easier to eliminate x than y. 

From (ii) 3x — 11 ~2y 

multiplying (i) by 3 to avoid firactions when we replace x 
Sy^ + 3xy + 6a; - 66 = 0 

substituting for 3a;, 3y^ + (11 - 2y)y + 2(1 1 - 2y) - 66 = 0 
y^ + 7y-44==0 
(y-4)(y + ll) = 0 

or y = 4 or - 11. 

If y = 4, 3a; = 11 - 2?/ =; 3 a; = 1. 

Ify = -l],3a;= ll-2y = 33 a; = 11, , 
and we have for the answer — 
either x ^ 1 y = 4, 

or , a; = 11 y = - 11. 


Note. In ■vvriting down tho answer care must be taken to pair the values 
of X and y correctly. An answer in which the pairing is not clear oris incorrect 
is erroneous — thus for example the answer must not be given as a = 1 or 11, 
j/ = 4 or - 11, as the pairing is not shown. 

Example 2. Solve the equations 3x^ + 7y^ = 10 (i) 

5x-2y = 7 (ii) 

Li this case x and y are to the second power in equation (i) ; 
as y has the smaller coefficient in equation (ii) it will be easier 
to substitute for y. 

From (ii) 2y == 5x- 7 

multiplying (i) by 4 (= 2®) to avoid fractions when we replace y 
12x2 + 7 X 4y2 = 40 

■ substituting for 2y, 12x2 -f 7 (6x - 7)2 = 40 

, . , . , 303 

which gives .x = 1 or -v-. 


Ifx= 1, 

303 
187’ 


If X 


2y = 5x - 7 = - 2' 


2y = 5x - 7 


206 

187 



- 1 . 


103" 
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and we baTo for the 
either 

or 


answer — 

x=\.y = -\ 
303 103 

^ “ 187 * ^ 187 ' 


(Additional elemeDtary examplea on tha vork of tbis chapter will be found 
on page 177.) 

EXAMPLES Vin 

(1) A man and a boy together do a piece of work in 4 days; the man alone 
can do half of it in 3 days. How long would it take the boy to finish it, their 
rates of working being unchanged! 

(3) Using 8 machines a piece of work ia done in 12 working days of 6 hours 
each. To what must the length of the working day be changed in order that 
20 machmea can perfonn 4 tunea the work in 16 days! 

(3) A mixture of 3 parts sand to 2 of cement is mixed with five times the 
quantity of a mixture of 4 parts sand to 3 of cement. How many parts of 
sand to cement are there m. the final mixture t 

(4) A btcycio IS geared to 80 (this means it goes forward 80 in. for each 

revolution of the pedal) : a second bicycle ia geax^ to 80. If tbeir speeds are 
in the ratio 12: 13 what is the ratio bolwoen the rates of revolution of the 
pedals. / 

(6) Four squares are cut out of sheet raetal; the weights of tbs equaxea 
are in the ratios 9: 16: 12): 26, and the sum of the jienmeters of the four 
squares Is 31 in. Whst is tho perimeter of the smallest T 

(6) Solve the equations 3« + 6y * 6 » 0, 

2x - 3y + 6 — 0. 

*(7) Solve the equations 6* -f- 3*' » 28, 

5* + » + 3V + » = 134. 

(8) The base of a column stands partly on sand and partly on gravel, and 
its area ts 8 sq ft. If 3 sq. ft. ate on the send the column will hear a load of 
97,0001b.; if 3 sq. ft. are on the gravel tbe bearing load is 71,000 lb. lybet 
ere the bearing loads per square foot of sand and gravel ? 

(9) Solve the equation 2r' - I3x = 2S0, giving tbe answers to three signi* 
ficant figures. 

(10) Solve the equation ^ 3. 


(11) A rectangular lawn is surroiinded by a path of uniform width. The 
outside measurements of the path ore 25 ft. by 16 ft. Find to the nearest 
inch the width of tho path if it« area equate that of the lawn. 

*(12) Solve the equations *• + *y «= 6, 

* + 3y = 6. 

•(13) Solve tho equations ** + ary + y* =» 3, 

3*-2y =1. 

(14) If in the equation «.= «< — { at\ » = 240 when t = 7-5, and s » 7‘5 

when! = 2-6, find u and a. Hence express sin terras oft. {EJd.E.Vf) 

(15) Solve the equations 


(2)-,-x]+3-0. 
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(16) Find the value of o in order that 2 may he a root of the equation 


= 8, and find the other root. 


X + • 

io ~ 

(17) If S A + Bn + On* + Dn* and 

« = 0 when n = 0, 
a = 1 when n = 1, 

B = 6 when n = 2, 
and ■ a = 14 when n = 3, 
find A, B, G, D and the value of a when n = 4. 

(18) Find the values of x and given that 


{B.M.E.G.) 


{E.M.E.U.) 


Then find the value of 


Bx- 
a: + 3 

ay + 1 

y 


© = 


9. 


(N.C.) 


(19) (i) Solve the equation J (a + 1) = J (x- 1). 

(ii) If 3j» + 23 = 1-6 and 2p + 4q = 4-8, 'find the values of (p + g) 
and (7p + 23). (N.C.) 

(20) Solve the following equations — 

(o) ^ (a + 1) + J (a + 1) = 4. 

(6) 3a + 2y + 17 = 0, 

5a + 3y + 27 = 0. (N.G.) 

(21) Solve the , following simultaneous equations algebraically and gra* 
phioally — 

2a - 4 (2 - y) = 2, 

3a+6(y-2) = 4. . (N.C.) 


11 4 1 

(22) Find the values of - and — given that 

ay ® y 


o o 

13and---= 6. 
a y 


Then find the values of a and y and of 


y - ic 


(N.G.) 


y + a 

(23) (a) Find the values of d from the following equation — 

2d* 4- l-2d-6-3,= 0. 

(b) Given P = ^ , find the values of A and P if P = 200 when r = 2'6 

and P = 2000 when r = 2. ' (G.L.G.I.) 

(24) (a) Factorize the expression 2a* -7a -f 6,. and find two values of a 
which will satisfy the equation 2a* — 7a 6 = 0. 

(6) Solve the following equations — ' 

2a + 3y = 10, 

5 = (G.L.G.I.) 

(25) (a) Show that a - 5 is a factor of 2a* - 3a* - 39a + 20. 

Find the other factors. 

Hence solve the equation 2a* - 3a* - 39a + 20 = 0. ' , 

(b) It takes 200 square tiles to pave a certain floor. If the tfies were an 
inch longer each way it would take only 128. Find the size of the tiles. 

(E.M.E.U.) 
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(26) One of the three values for ar for which thefusotion 2z* •)- x'o 13r 0 

has a z«ra value is - Fuidtheothertwo. (If.O.) 

(27) The values of the maxiiaum and tninimum etresses in the metal of a 

rivet due to a aheor etnas g and a tensile atcesa /, ore given by the values of 
/ in the equation /(/-/.) *■ a*. If o “ 4} tons per square inch and 3) 
tons pec square inch, find the two values off. (U.EJ.) 

(28) Solve the following equations-^ 

(а) 3** - 10* + 6 - 0, 

(б) x'-y*- 12. 

X + y - 2. (U.L.OJ.) 

(SB) Solve the equation y* •• 16x, 3y « 4x - 16, Verify the solution 
graphically. (C/.EJ.) 

(30) A consignment of 24 yd. of 4 in. and 16 yd. of 6 in. eoet iron pipes 
coats £13 12s. A second oonsigi^ent of 30yd. of 4in. pipes and 24yd. of 
6 in. pipes costs £16 16s. Wh&t is the cost per yard of each sixe of pipe! 

(I/.C.) 

(31) Solve the quodratio oqu&tion»w. 

(a) 7x*>3x-> ICO. 

(h) (6x-3)«-7 •> 44X-6. 

(32) Solvo tho equations — 

(a) 6*' - 19* +10-0. 

(b) 3**' lOx* + Ox- 2 0, given that X — 1 is one root. 

lN.a.) 

(33) Solve the oquationo— 

(a) 3(2x-l)-l^-0-6(*-l). 


4*-(2x-3y)-.H. 

(34) (a) Simplify tho followiog expression for 17— 


Find also, from your simplified exprosaion, the value for H when L is smalt 
compared with D so that I/* may be neglerted. 

(6) When a body moves in a circular path of radius r with a linear speed 
V, the contnfugaV force F is directly proportional to the square of the speed 
and inversely proportional to the mdiua. If F b 24 when K « 12 and r ~ 2. 
dotormine V when F ■« 40 and r m 3. \V.L.O.I.) 



CHAPTER n 
TRIGONOMETRY . 

Trigonometrical Ratios of Angles. In Chapter V, Book I, we 
dealt Arith the sine, cosine and tangent of angles of 90° and 
less, and Avith the relationships between these ratios. Three 
further ratios must now be introduced. 



Fiq. 2 


Refeiring to Pig. 2, which shows a right-angled triangle, 
Ave have from Chapter V, Book I, 

. . CB ^ AB ^ ^ CB 

® “■ GA' ^ ~ CA’ ® ~ BA' 

The three other ratios of the angle d are called the secant, 
cosecant and cotangent of 6, or, more simply, sec 6, cosec 0 
and cot 0. 


How 


sec 0 = 


cosec 0 = 


cot 0 = 


hypotenuse GA 


adjacent side AB 

hypotenuse GA 
opposite side ~ GB 

adjacent side BA 


opposite side GB 

If these are compared Avith the preceding three ratios it will 

29 
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bo ecen that tho expression for sco 0 is obtained by inverting 
tho expression for cos or, expressing this mathematically, 

^ 1 

see 0 s. 

cos 0 

Similarly coseo 0 = 


and 


Identities Involving these Ratios. A trigonomotrioal idenlity 
is, briefly, an equation which holds good for all angles. 

Tn’o identities which ehonid bo noted aro 
see* 0 = 14 - tftn* 0 
and cosQc* 0=1+ cot* 0. 


These oquatloiis arc truo for all values of tlio angle 0 and 
can 1)0 proved quUo easily by rofcronco to Fig. 2. 

FroJn this figure wo have 


SCO 0 


CA 

AE‘ 


fio that SCO* 0 


(C?X)» 

[Aisr 


i^gnin 


CJt 

> -.-B, so that tan’ 0 


1 + tan> 0 = 1 + 


(OH)’ 

(.!«)< 


(/lit)’ + (OB)< 

um' ■ 


(pDY 

(A5)5- 


Now, from Pytliagoras’s tlicorcni relating to a right-angled 
triangle, 

(/IR)* + (CR)* « (<7^)* 


SO that wo maj' writo 

1 + tan* 0 
In tho Bamo way 


(g/11* 

u«)- 


= SCO* Oa 


cosec* 0 = 


{CA)* 

(Oi!)« 
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and 


1 + cot^ 0=1 + 


{BAf 

{GB)^ 


{GBf + (BAY 

{GBY 


{GAY 

~ {GBY ~ 


cosec^ 0. 


Trigonometrical Identities. Utilizing the two fundamental 
identities given in the preceding paragraph, together with 
those derived in Book I (page 100), it is possible to prove a 
very large number of identities. Several examples of such 
proofs are given below. In these examples 0 is any angle. 


Example 1. Prove that 

t cosec 0 tan 0 cos 0=1. 

In such cases it is often best to convert aU the various ratios 
in terms of sines and cosines. Thus 


cosec 0 tan 0 cos 0 


■' sin 0 

X ^ X cos 0. 


sin 0 cos 0 


Cancelling the sin 0 with the sin 0 and the cos 0 with the 
cos 0 we obtain 1 on the right-hand side; 

cosec 0 tan 0 cos 0=1. 


Example 2. Prove that 

sin 0 tan 0 + cos 0 = sec 0. 

Now sin 0 tan 0 + cos 0 = sin 0 x + cos 0 

cos 0 

sin^ 0 

= a + COS 0 

cos 0 

. ^ sin^ 0 + cos^ 0 

cos 0 

But, from Book I, page 101, sin^ 0 + cos^ 0 = i 

' 1 


sin 0 tan 0 + cos 0 = 


cos 0 

t 

= see 0. 


t ^Tion-n-e write coseo0 tan ©cos Owe moan ooseoe x tanfl x cos0 

Tho muUipboation signs aro often omitted, as in algebraical expresLns! ' 
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Example 3. Prove that 

tan 0 

sm 0 + sin 6 cot* 6 H ^ 

‘ cos 0 


sec* 0 
6in0* 


Now- 

sin 0 -f- sin 0 cot* 0 _ gin 0 (1 cot* 0) -f 

‘ cos 0 ‘ ^ cos 0 

(to UM tho simpliileattoa 1 4- cot* Q « cosec* 0) 

= .m()co3ec’6 + 3^ (>»» ••■>«- 

. . 1 sin 0 , IV 

+ (•''■“““"“-.-srs) 

— ^ 4. 

sin 0 cos* 0 
cos* Q -f flin* 0 I 

sin 0 cos* 0 ™ sin 0 cos* 0 

(rinee cos' 0 + tin* 0 ■■ 1 ) 

6CC* 0 

8in0‘ 


EXAMPLES EC 

(1) Given thst tho sine of dn angle A a S calculate the value of cosec A» 
Sketch a nght-angled triaugle containing the angle A. Calculate the length 

of tho unknown sido and hence find the values of sec A and cot A, 

(2) If cos d S3 find tho value of see 0 and also, using the method men- 
tioned in Question 1, fin'd the values of coseo 0 and cot 9. 

In Questions 3 to 13, prove the identities: 

/3) 1 ^ 

' ' cosec 0 + cot 0 Y + cos^" 


j ^ •=« cosec* u. 

<i0 + fan 0 


(I + sm 0) cos 0 
sec* A - ten* A 


tan A - cot A 


1 -i- tan* 0. 

in A 4- coa A cot A. 

^ m A 4* cos A, 


1 + cos A 
1 - cos A 


I + coa A 


1 -i- coa A I - coa A 
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(■«> (ct)‘ + (‘i^ 

(11) (1 + tan A) sin A = j ^ - „„„ a 

Xi. 1.1 -I / 003 X- Bin 4 cos^ 


1 + cos A 


cos A 
1 


. ) =2 cosec A. 

1 


tan A tan A 

' sec ^ - 1 Bee A I 


= 2 cosec A. 


(13) 


(ooseo^ + cos4)“ + {seo4 + ain^)' = {ooseo4 seo^ + 1)“ 


Expression of an Angle by reference to one of its Trigono- 
metrical Ratios. There are occasions when we know one of 
the trigonometrical ratios of an angle, but do not know the 
value of the angle itself— possibly because trigonometrical 
tables are not available. 

In such cases we can refer to the angle as, for example, 
“the angle whose sine is 0-5,” or as “the angle whose cosine 
is 0-866.’’ Another way of expressing these facts is to state that 

sin 6 = 0-6 

or cos 0 = 0-866 

where 6 is the unknoivn angle. 

Short ways of writing these expressions have been invented. 
The first is to use au index figure above the word “sin” or 
“cos.” Thus 

sin"^ 0-5 means “the angle whose sine is 0-5” 

and 

cos~^ 0-866 means “the angle whose cosine is 0-866.” 

Sin“^ 0-5 does riot mean — ■ v (see note below). 

sm 0-5 ' ■ ' 


The second method of expressing an angle in terms of one 
.of its trigonometrical ratios is to write the word "arc” instead 
of “the angle whose . . . is.” In this method we have, for 
example, 

arc sin 0-5 = 30° 

arc cos 0-866 == 30° 
arc tan 0-5774 = 30°. 


Note. As vre have soon, wo uso sin’ 6 to denote the square of sin d and, 
similarly, wo uso cos’ 0 to denote the cube of cos 0. 

For negative powers wo uso one of two forms — 

(a) With bracket, such as (sin 0)-» and (cos 0)-’ or, (5) ns fractions, such as 
cos=n0' ^ ° avoid using a notation of the type sin"’ 0 or cos"’ 0 
on account of the special rneaning of sin"' 0, etc. 
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THgonometrical Equations. Such equations involve the 
trigonometrical ratios of a particular angle whose value is to 
be found from the equation given. They difier from the iden- 
tities which we have spoken about in a preceding paragraph in 
that they hold good only for a pariicular angh or angles, and 
are noi generally true for all anglw, as are identities. 

Example 1. Find the value of an angle 6 given that 
3 sin 0 = 4 cos 0. 

In all trigonometrical equations it is necessary first of all to 
convert the equation into one which involves only one ratio 
of the angle to be found. This can he done by utilizing the 
known relationships between the various ratios. 

Thus, in this example, if we divide each side by cos 6 we have 

3 Bind ^ 
cos 0 

Now we know that, for any angle &, = tan d, so that 

we may writ© 

3 tan d = 4. 

4 

From which tan d <= - s 1-333. 

Referring to the tables of tangents we find that B *= 63® 8'. 
(Note that instead of finding 6 from the tables we could have 
stated the answer as 

6 t= tan”* ~ ; 

although it is better to give the value of 0 in degrees as above.) 

Example 2. If 2 sec’ a - 1 = 2 tan a (tan a -f I) find the 
value of a. 

Substituting 1 *f tan* a for sec* a we have 

2(1+ tan* a) - 1 s= 2 tan a (tan a + 1) 

2 + 2 tan* a - 1 = 2 tan* a + 2 tan a 
1=2 tan a 
i s= tan a ; 
a — tan”* J 
26“ 34' 


or 
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EXAMPLES X 

(1) If 0 = 4' find the values of— 

sin* 0, cob’ 0, ton 40, sin iO. , 

(2) Express in degrees and minutes the following angles — 

‘ sin"’ 0-8, cos“’ ^3, arc tan 0-76, arc cos O-S. 

- Solve the following — 

(3) 3 sec 0 = 6 tan 0. 

(4) 2/{l + 2 sin 0) = 1. 

(6) sin 0 tan 0 + sec 0 + cos 0 = 4. 

(6) sec’ 0 + 3 tan’ 0 = 6. 

- (7) 5 cos’ 0 - 8 c os 0 + 3 = 0. 

(8) 2 sin 0 = Ve cos 0, 

(9) 6 sin’O - 5 sin 0+1 = 0. ■ 

(10) 6 cos=0 - 11 cos 0 + 4 = 0. 

(11) 9 sin’O — G sin 0 + cos’0 = 0. 

(12) 8 sin’0 — 7 sin 0 + 2 cos’0 = 0. 

(13) 2 sin’0 - 3 sin 0 oos 0 + cos’0 = 0. 

(14) 12 sin’0 — 13 sin 0 cos 0 + 3 cos’fi = 0. 

(16) 5 cos’0 — 6 cos 0 sin 0 + 1 = 0. 

(16) seo’0 = 4 tan 0 — 2. 

(17) cot’0 = 3{coseo 0-1). ' ■ 

(18) 2 - cot 0 = cosec 0. 

Angles Greater than 90°. Up to the present we have dealt 
only with the trigonometrical ratios of acute angles, i.e. of 



angles less than 90°. We now have to consider angles greater 
than 90°. 

Now, when we considered, in Chapter V, Book I, the trigo- 
nometrical ratios of an acute angle, such as that shown in 
Fig. 3, we first of all drew a line from any point P on OX at 
right angles to the line OF. 

If, however, the angle is obtuse (i.e. greater than 90°), it is 
not always possible to draw a straight line from any point P 
to meet OF at right angles. In such cases (e.g. 130° or 240°) we 
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draw a straight line, PM, from P at right angles to OY pro- 
duced hacku'ards through O to meet it at M. We define the 
trigonometrical ratios by the some equalities as we used for 
the acute angle, namely 


sin 0 =3 
cos 0 = 


i' 


tan 6 = 


OP 

OM 

OP 

MP 

OM 


except that we give the lengths MP and OM the signs employed 
in graphical work. Thus MP is positive if P is above Jlf and 


90 ^ 



negative if it is below ; OM is positive if M is to tho right of 0 
and negative if it is to tho left (in fact MP and OM are the y 
and X of grapliical work). OP is oZu'cyj positive (see Figs. 6, 
7, and 8). 

Using now the conventional graphical figure we take two 
axes at right angles and a radius R rotating in the anti-clockwise 
direction about 0 from tho position OX. The angle which R 
makes with OX is tho measuio of the rotation, and its extremity 


maoi^^oMETRf 


traces out the circle shown in !Fig. 4. These axes divide the 
figure into four quadrants, and if 

R lies in the first quadrant, the angle is between 0° and 90° 

„ „ second „ „ ’ „ „ 90° and 180° 

„ „ third „ „ „ „ 180° and 270° 

„ „ fourth „ „ „ „ 270° and 360°. 

In Fig. 4 the radius R is drawn in four representative posi- 
tions, the angles represented being 50°, 130°, 240°, and 330°. 

For an angle greater' than 360° we make R rotate through' 
one or more complete revolutions as required. Thus for 600° R 
rotates through one complete revolution and a further 140°,- 
i.e. R lies finally in the second quadrant; for 920° R rotates 
through two complete revolutions and a further 200°, i.e. R, 
lies finally in the third quadrant. 

We obtain negative angles by making R rotate backwards, 
thus 

for - 400° R rotates backwards through one complete 
revolution and a further 40°, i.e. R lies finally in the 
fourth quadrant. 

The angles 600°, 920°, and 7 400° are represented in Fig. 5 
(A), (b), and ’(c). 


90° 



+ 500 ° 


Fig. 5 (a) 
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2'^Quodrant^ 


^^Quadrant 


Z-Quadrant 



Quadrant 


+92or 

Fio. 6 (B) 


2'^ Quadrant 


Quadrant* 



3- Quadrant''-'— V — -^4^ Quadrant 

210 “ 


Angles Between 90® and 180®. Referring to Fig. 6 the angle 
between the rotating radim R and line OX lies between 90® 
and 180®. 
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We draw a line from the outer end P of the line R at right 
angles to the horizontal axis. (It should he noted here that, 
whatever the value of the angle considered, we always draw 
lines from the outer end of R at right angles to the horizontal 
axis.) Let the angle XOP considered be 6. 

MR 

Then Bind = 


90° 

+ 



Fio. 6 


We now insert the signs (positive or negative) of these 
lengths, the radius R always being reckoned positive whatever 
its position. 


Then 


sin 0 = 


-{-MP MP 
+ OP “ OP • 


Now in the triangle POM the ratio is obviously the 

sine of the acute angle POM. Again this acute angle is 
(180 - 0) since MOX is a straight line. Therefore we can write 

sin 0 = + sin (180 - 0). 

For example, '' 

sm 120 = + sin (180 - 120) 

= + sin 60 


= + 0-8660. 
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Again cos 6 = ot, inserting signs, 

cos fl = (since OM is a negative length) 

OM 
~ OP 

= - cos (180-0), 

since referring to triangle POM the ratio *= cos PO 
coa (180 - fi) 

tan 0 = or, inserting signs, 

^ . -hMP MP 

«=-tan(180-e). 



Summarizing: for an ajtgle between 80° on<i 180“ we have 
sin 0 =s -f sin (180 - 0) 
cos 0 = " cos (ISO - 0) 

(an 0,= - ion ^80 - 6), 

Angles Between 180“ and 270“. Referring to Fig. 7 -we 
have, inserting signs as before. 
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Now in triangle POM the ratio -Qp is the sine of the acute 

angle POM, i.e. the sine of 6 - 180. 

sin 6 = - sin (0 - 180) 

^ - OM OM 

cos e - - QP 

= — cos (0 - 180) 

. ^ -MP MP 

tan 0 — _ 


= + tan (0 - 180). 

90° 

+ 



Fia. 8 


For example, cos 240 = - cos (240 - 180) 

= - cos 60 
= - 0-5000. 

Summarizing : for angles between 180° and 270° we have 
sin 0 = - sin (0 - 180) ' 

cos 0 = - cos (0 - 180) 
tan 0 = 4- (0 - 180). 


Angles Between 270° and 360°. Referrmg to Fig. 8 and • 
proceeding as before we have - ' 


sin 0 


-MP MP 
+ OP~~'OP' 
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In triangle POM the ratio is the sine of acute angle 
POM, i.e. the sine of {3G0 - 0). 

Hence 

sin 6 = - sin (360 0). 

Similarly 
cos 0 

and tan d 


±OM_ OM 
- OP OP 

-MP _ MP 
~ ■\-OM~"OM 

= ^tan (3GO-0). 


For ozample, 

tan 330 = - tan (360 - 330) 
s tan 30 
s - 0-6774. 


Summarizing/: for angles Ifehoeen 270* and 360“ we have 
eind sst - 5»n (360 - 6) 
cosO as + cos (360 - 6) 
tanO =s -ton (360-6). 

A convenient method of sum- 
marizing the above, from the 
point of view of the signs of the 
various ratios in the diSerent 
quadrants, is by the diagram 
shown in Fig. 0. The letters in 
the quadrants indicate which of 
the ratios is positive when the 
angle is such that R lies in that 
quadrant. Thus in 



First Qimdrant. 
Second „ 
Third 

Fourth „ 


All TUftos arc posittcc. 
S*ne only is positive. 
Tiangenl only is positive. 
Cosine only is positive, 
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In the previous work, the changes in ajigles have been by 
even numbers of right angles (180°, 360°). In Questions 10 and 
12, the student will be asked to make changes by odd numbers 
of right angles (90°, 270°) ; and, if he summarizes his results, 
he w^ find the following convenient rule : Erom a change by an 
evm number of right angles, the riame of the ratio is unalteted; 
but from a change by an odd number of right angles, the nariie 
of the ratio is altered (sine becomes cosine, cosine becomes sine, 
tan becomes cot, etc.). 


EXAMPLES XI 

(1) Find the sines of — 

145°, 230°, 290°, 675°. 

(2) Find the cosines of — 

160°, 260°, 320°, 1002°, - 127°. 

(3) Find the tangents of — 

135°, 260°, 335°, 880°, - 260°. 

(4) Find the secants and cosecants of — 

195°, 340°, 790°, -420°. 

(6) State all the angles between 0° and 720° whoso sine is i, 

(6) Find the values of sin f Ji, cos In, tan ^n. 

(7) Find the values of sec {- In), coseo (- §«), oot (- 27n). 

(8) If sin 0 c= — I and 0 lies between 180° and 270° find the values of sec 0 
and tan 0. 

In Questions 9 to 14, the angle A is less than 90°. 

(9) Show, by drawing, in what quadronts the revolving radius lies when 
the angle represented is: (180 + A), (180 — A), (270^ A). 

(10) Express the sine, cosine and tangent, of eaoh of the angles (90 + A) 
and (270 -X) in terms of trigonometrical ratios of the angle A. 

(11) Express the sine, cosine and tangent of each of the angles (180 -A) 
and (300- A) in terms of trigonometrical ratios of the angle A. 

(12) Express the cosecant, secant and oot of each of the angles (90 + A) 
and (270 + A) in terms of the trigonometrical ratios of the angle A. 

1 •— co^ A 

(13) Proyethe identity: — j- -}- sec (360 -A) = 1, 

Sin \Ai I U AL ) 

(14) Prove the identity : 

tan (270 + A) - cot (180 + A) = - sec (90 - A) cosec (90 + ^)- 

(15) Without tho use of tables, prove that 

cos 19° + 2 sin 109° + 6 coS 161° cos 300° = 0. 

(16) Without the use of tables, prove that 

tan 130° — cot 40° — 2 tan 230° tan 325° = 0. 

The Compass — ^Bearings. In surveying work it is often very 
valuable to Imow the direction in which a certain point lies , 
relative to another point. Calling the latter point A and the ' 
former point B, we speak of this relative direction as the hearing 
of jB from A. Thus, if point B lies directly to the north of 
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point A vre say that '*B bears due north from A." After carry- 
ing ont a surrey in which various distances have been measured, 
and the relative bearings of various points observed, we then 
utilize trigonometry to make calculations of other distances 
which have not been measured. 

The compass is used by surveyors in expressing the relative 
directions, or bearings, of a number of points. Fig. 10 shows 



the points of the compass. The circle is divided into 32 equal 
parts, so that there are 32 points, the angle between two 
adjacent points being i.e. 11” 15*. North, South, East 

and West are called the Cardinal Points. 

A direction which does not Ue exactly 'along any one of the 
points of the compass is expressed in terms of the cardinal 
points aa foU/iwa — 

N. 40® W,, or S. 20” E., and so on. 

These two directions are shown in Fig. 11, and are, in words, 
“40” west of north” and “20* eastof south.” Referring to the 
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points B and 0 in this figure we should say that '‘B hears 
N. 40° W. from point A" and that “G bears S. 20° E. from 
point AT 

Another method of stating bearings is the one now used 
throughout His Majesty’s Forces. A direction is given by the 
angle it makes with the North measured through the East. 
Thus in the figure the bearings of B and G from A are 320° 
and 160° respectively, and the bearing of A from G is 340°. 



Exajeple. The bearing of a ship is N. 30° E. from a point 

A on the coast. From another point B on the coast, 3 miles 

due east of A, the ship bears N. 60° W. - 

Calculate the distances of the ship from A and B. 

Fig. 12 illustrates this problem. 

From the information given it is clear 

that angle GAB = 90° - 30° = 60° 

and angle GBA = 90° - 60° = 30°. 

Thus ‘ angle AGB = 90°. 

XT GB . ^ 

Hence -y = sm 60° = 0-866, 

CH = 3 X 0-866 
= 2-598 miles, 
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Again 


=* cos 60° 1 = 0’6, 

= 3 X 0-5 
= 1*5 miles. 


N N 



EXAMPLES XII 

(1) Draw the directions — 

N.37*E., S. 48'W.; S.67»E.} N. 64* W. 

(2) If a points bears N 25* E. from A and K. 44° W. from D. and if D boars 
S. 72° £. from A. make a drawiog to ehow the relative bearings of the three 
points. 

(3) A point D lies 2 xmles to the SAV. of a point A and a point 0 lies 3 miles 
to the X.W. of pomt B. Calculate the bearing of C from A and the distance 
between C and A. 

(4) The bearing of an object from an observer is N. 22J* "W. The observer 
then walks 800 >d. in a direction N. 67}° E. and the bearing of the same 
object IS N. 63° W. Calculate the distances of the object from the observer 
before and after his walk. 

(5) From a point A, tho bearing of D, 3 miles distant from A, is 20°, and 
the ^armg ofC IS 65°: from j&tho beartngofOu 105°. Make a scale drawing 
to find the distance of C from B. 

(C) From a point A, the bearing of B, 10 miles distant from A, is 47°: 
through A a straight road runs on the bearing 08°. Calculate the distance of 
B from the rood. 

{"I) From s. poHit A, l\ve beairag oC B. 60 miien distant iKsm A is 350* '. <» 
wbnt bearing should on aeroplane fly, starting from A, if the nearest point 
of Its path from B IS to bo 16 mileat (Note. Thero are two solutions.) 

(8) A ship sails 10 miles on the bearing 60° and then 10 miles on the bearing 
150° tVhat is then its bearing from the starting point I 

(0) If in Question 8 tbo bearings are 10° and 310°, what is then the bearing 
of tho starting point from the ship? 
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(10) A ship sails for 20 miles on the bearing 205° and then for 12 miles on 
the bearing 115°. IVliat is then its bearing from the starting point? 

(11) From a point A the bearings of B and C, both 10 miles from A, are 
265° and 287°. Calculate the distance and bearing of O from B. , 


The “ Sine ” Formula. This formula holds good for all 
triangles, whether right-angled or not. 

It states that 

a b c 

sin A sin B sin C' 

where a, b and c are the sides opposite to the angles A, B 
and G respectively. 

The formula is very commonly used for the solution of 
triangles -which are not right-angled, but it should be noted 
at the outset that at the present stage it can only be used when 
an angle and the side opposite to it are known. 

For example if -we are given sides a and b and angle .4 in a 
triangle, we can immediately proceed to find the angle B since 

a _ b 
sin A ~ sin B 

or sin5 = -sin4, 

> ® . 

all tlxree of the quantities on the right-hand side being known. 

Continuing the solution of the triangle, we then find angle 
0 by subtracting (A -t- B) from 180°, thus 

C = 180 - (4 -f B). 

Finalh*^ side c is found from the equation 
c a 

sin G sin A 


or 


a 

sin A 


X sin G. 


Proof of fhe Sine Formula. Referring to Fig. 13, ABG is any 
triangle (not necessarily right-angled). First draw a line GD, 
of length p, from G at right angles to A B. 

Then in triangle AGD. 

^ = sin A ' 

or p = b sin A. 
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Again, in triangle BCD, 

- = sin B 
a 

OT p^asinB. 

Thus b sin A ^ a sin B 

(since both are equal to p). 

Hence, dividing each side by (sm ^ x sin B), Tve have 
b a 

sin B~ sin A' 


C 



Next draw AE (of length q) at right angles to CB. 
Then, in triangle CAE, 

^ = sin € 

or g = 6 sin C, 

In triangle BAE 

- 5= sin £ 
c 

or g s= c sin B. 

bsiaC f=e sin B 
b c 
sin B sin C' 


or 
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But, from above, 

b a 

smB~ sin A 
a _ 6 _ c 

■ * sin A sin B sin O' 

Example. From a ship which is sailing north-east at 16 
m.p.h. a lighthouse bears due north. Half an hour later 
the lighthouse bears S. 70° W. ; how far was the ship from the 
lighthouse when the first bearing was taken ? 

Fig. 14 illustrates the example. Since the lighthouse B 



A 


bears S. 70° W. from the second position 0 of the ship the 
angle BOA = 25°. 

Angle ABO = 180° - 45° - 25° = 110°. 

The distance travelled by the ship in half an hour = 8 miles 
= AO. 

We want to find the length AB. Using the sine formula 
we have 


8 

sin 110' 


AB 

sin 25 
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. _ S X sin 25® 

' rin lio- ■ 

Now sin 110® = sin (180®- 110®) = sin 70®; 

8 X 0‘422G 

AB = — Q = 3*6 miles (to two significant fignres). 

Tlio metliod of tlie foUowtng example is eomotiraeg also 
useful as an alternative to that of the sine formula. In it wo 
work from one part of tho figure to another part by means of 
right-angled triangles. 

Suppose, using the Fig. 14 of tho previous oxamplo, wo had 
been given that AB = 3*C miles, angle BAC = 45° and angle 
ABC = 110®, and had been asked to find tho perpendicular 
distance of 0 from AB. 

Suppose tho perpendicular distance from C to AB (produced) 
meets it at D, and that CD *= z miles. 

From right-angled triangle ADO, 

AD = X cot 45*. 

From right-angled triangle BDC, 

BD = X cot (180 — 1 10)* =8 X cot 70®. 

Subtracting, 

AD — BD = «{cot 45® — cot 70*) 
or 3-0 « 1(1 - 0-3040} = 0-C560i 

and X sss 3-6/0-6360 = 5-CC miles. 

. EXAMPLES Xin 

Solve tho triangles in which — 

(1) X = 60", 35"i 6= 2-5in. 

(2) b •= 43": <1 =» 12-6 ft.; c = 10 ft. and cbocU graphicftlly, 

(Note. T^vo solutions ; if sin A ■> 0 8535etther A 68" 29' or A *> 121" 31'. 

(3) A » 58"; i) « 73*1 c - 2 1 iiulos. 

(4) In finding tho position of o certain point (7 a surveyor takes readings 
from tho two ends of a lino AB which is 1200 yd, long. lie finds that the 
angle CBA ■= 37* 35' and angle CAD = 48" 17'. 

Calculate tho distances CA end OB. 

(5) From a point A tho beering of a tower is 320", end from a point B, 
400 yd. from A, tho bearing is 255". If tlie bearing of B from A is 30% find 
the distance of the tower from A. 

(8) From a point X, tho t)oaring<i of points A and 21 are 316'* and 12" i 
from a point F their bearings aro both 70". If Y is 300 yd. from X on the 
bearing 270". find tho distance of B from A. 

(7) An aeroplane is flying at a constant height above tho ground and its 
spwiiis 120 mp.h An observer, situaledon the ground immediately under 
the Ime of fhght, finds the angle of elevation of tho plane to be 43". Two 
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minutes Inter the aeroplane has passed over the observer’s head and the angle 
of elevation is 68°. What ■was the actual distance, in miles, between plane 
and observer at the time of the first observation ? 

(8) A -vertical post AB stands with its foot A on horizontal ground. The 
line ACD on the ground is marked. From C the elevation of B is 53° ; from 
D the elevation of B is 42° 6', and CD is 10 ft. Find the height of B above A. 

(9) A man wall:s along a level road towards a telegraph post. At one point 
he notices that the elevation of the top of the post is 36° 18', while at the 
point 12 ft. nearer the post it is 50° 12'. Find how high the top of the post 
is above the man’s eye. 

(10) A man on a cliff obser\’es a boat at an angle of depression of 2S°. The 
boat is making for the shore immediately beneath him, and 3 min. later the 
angle of depression is 62°, After how much longer will it reach the shore ? 

(11) From one end of a yacht the angle of elevation of the top of the mast 
is 73° 24', and from the other it is 69° 36'. If the length of the yacht is 60 ft. 
how high is the mast ? 

Compound Angles. By the term compoimd angle is meant an 
angle which is made up of the sum of two or more angles, 

X 



(Some of these angles may be negative, in which case the com- 
pound angle may be looked upon as a difference of angles 
rather than as a sum.) ' , * 

There are certain important formulae connected with such 
compound angles which enable one to express their trigono- 
metrical ratios in terms of those of their component angles, f 
Trigonometrical Jlatios of -an Angle A B. Consider a 
compoimd angle A + B made up of two component angles A 
and B added together as in Fig: 15. 

P is any point on the line OX, 

t the proofs all the angles are supposed to be less than 90°: the results, 
however, are qxiito general. ’ 
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Construction lines are drawn as shown to assist in deriving 
an expression for the trigonometrical ratios of the compound 
angle. 

Now RQ is parallel to ON, and thus 
RQO = QON = A 
RQP^QO’^-A 

rH = A. 

(i) Then 

PM . 

sin (^ + 5) =5 (trom triangle POM) 

PR-\rRM 
" OP 

But RM = QN (since they are opposite sides of the rect- 
angle MRQN). 

sin (A 

Now 
and 

/. sin (^ 

Again 
and 

sin (A 
or, as it is more 

s/n {A 

(ii) cos (A 

ON-MN 


+ B) = 


PR + QN 
OP 

PB ^ 
* OP OP' 


PR ss PQ C03 A (from triangle 
QN => OQ sin A (from triangle QON) 
PQ C05 A , OQsinA 

PQ 

^ = sin B (from triangle POQ) 

= cos B (from triangle POQ) 

+ B) = sin B cos A + cos B sin A 
usually written, 

+ B) = sin A cos B + cos A s/a B. 

+ B) = (from triangle POilf) 


OP 



TRIGONOMETRY 


63 


But 


Now 

and 


MN==RQ; 

, r.. ON-RQ__ON RQ 
cos-{A+B)~ Qp gp Qp. 

ON — OQ cos A (from triangle QON) 
RQ = PQ sin A (from triangle RFQ) 
OQ cos A PQ sin A 


Again 

and 


cos (^ + B) = 

OQ 


OP 


OP 


■qP = cos B (from triangle POQ) 

PQ 

Qp = sin B (from triangle POQ) 

cos {A A- B) = cos A cos B - sin A sin B. 
sin (A + B) 

(m) tan + B) = . , px - 

^ ' V I ; cos (A, + B) 

^ As shown in Book I, when 6 is any angle tan 0 — 

sin A cos B + cos A sin B 


tan (A. + B) = 


cos A cos B - sin A sin B" 


Dividing both numerator and denominator of the right-hand 
side by cos A cos B we have 

sin A cos B + cos A sin B 


or 


tan (A -f B) 


tan (A -{- B) = 


cos A cos B 


cos A cos B - sin A sin B 
cos A cos B 

sin A cos B cos A sin B 
cos A cos B cos A cos B 
cos A cos B sin J. sin B ' 
cos A cos B cos A cos B 


After cancelling 


tan (4 + B) = 


sin A sin B 
cos A' cos B 


1 - 


sin A sin B 
cos A cos B 


3-(T.«) 
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Remembering that 

sin 4 .. . * T> 

T s= tan A aiw s = tan B 

coa A cos B 


we have 


tan (A + -B) = 


A + tan B 
I - tan A tan B' 


Trigonometrical Ratios of an Angle 2A. If we take a special 
case of the compound angle {A 4- -B) in which A = R, the 
compound angle becomes A + A 2A. 

Then, substituting A for B in the formulae derived in the 
preceding paragraph, we have 

(i) sin 2A == sin (A + A) 

«= sin A cos A 4- cos A sin A 
or ain 2A = 2 sin A cos A. 


(«) 

cos 2A s= cos (A 4* A) 


= cos A cos A - sin 

or 

cos 2A = cos* A - sin* A , 

(iii) 

tan 2A = tan (A 4“ A) 


tan A + tan A 


1 - tan A tan A 


. 2 tan A * 

or 

Ian 2A = - — - — =-t-. 

I - ton* A 


The formula for cos 2A can be extended finm the fact that, 
for any angle A, cos® A 4- Bin® A == I. 

We can substitute either (1 - sin® A) for cos* A or (1 - cos* A) 
for sin* A. 

Using these substitutions wo have 
cos 2A = cos* A - sin* A 

= (1 - sin* A) - sin* A 
or cos 2A = 1 - 2 sin* A. 

Again, 

cos 2A = cos* A - sin* A 

~ cos*A -fl -cos® A) 
or cos 2A = 2 cos- A-l. 


IVigonometrical ratios of angles such as 3A, 4A, etc., can 
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be derived in terms of the ratios of the single angle A by 
methods similar to the above, ■writing for the expression 
(A + 2A ) ; for 4A the expression (A + 3-4), and so. on. 

Trigonometrical Ratios of an .Angle A -5. In Fig., 16 a 
compound angle (A - B) is shown, with construction lines 
drawn as before, P being any point on the line OX. ' 

Since lines OM and QR are parallel 

A + O^R = 180° 

OQR = 180° -A. 

But ' OQF = 90° 



FQR =;;9o° - A 

A A 

QFR = A. 


(i) Now sin (A -P) = -^ (from triangle’ P<9.3f) 

RM-RF 

~ — — (since FM = RM - RF). 


Lmes RM and QN are equal since they are opposite sides 
of the rectangle NQRM. 
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But 

find 

sin (A 

Again 

and 

sin (A 

(ii) C03 {A 

/. cos {A 

But 

and 

cos (A 

Again 

and 

cos (A 

(iii) tan (A 


QN- 

RP^ 


-B) = 


99 . 

OP' 

0P‘ 
-B) = 


OQ sin A (from triangle QON) 
PQ cos A (from triangle QPR) 
OQ sin A - PQ cos A 
O? 

CQ sin A PQ cos A 
OP ~ OP ■ 

■■ cos B (from triangle QOP) 

■ sin B (from triangle QOP) 

■ sin A cos B - cos A sin B. 

(from triangle POM) 


(since OM = ON NM) 


NM: 
-B) = 

ON ^ 
QR = 

-B) = 


99 ^ 

OP~ 

?9^ 

OP~~ 
~B) = 


ON + NM 
" OP 
^QR 
ON + QR 
* OP • 

s OQ cos A (from triangle QON) 
s PQ sin A (from triangle QPR) 
OQ cos A + PQ sin A 
’ OP 

OQ cos A , PQ sin A 
“ OP ~OP • 

5 COS B (from triangle QOP) 

s sin B (from triangle QOP) 

= cos A cos B 4- sin A sin B. . 
sin (A - B) 

COS (A - B) 

sin A cos B — cos A sin B 
cos A cos JS -f- sin A sin B' 
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Dividing numerator and denominator by cos A cos B we have 
sin A cos B — cos A sin B 

. , A COS AgosB 

tan (A-B) ~ t 5 —^ : — d 

' cos A cos i? + sm ^ sin B 

cos A cos B 

sin A cos B cos A sin B 
_ cos A cos B cos A cos B 
cos A cos J5 sin ^ sin B 
cos A cos B cos A cos B 


or, after cancelling, 


tan {A ~B) ~ 


sin A sin B 
cos A cos B 


Id- 


sin A sin B 


tan (A - B) 


cos A cos B 
tan A - tan B 
I 4 - tan A tan B' 


EXAMPLES XIV 

Tables must not be used in this sot of examples : nil necessary data are 
given in Question 1. 

• 1 / O 

(1) Given that sin 30° =- and cos 30° = — 

2 2 

sin 45° = cos 45° = ; 

V'2 

"V^S 1 

sin 60° = — — and cos 00° = — . 

2 • 2 

Prove, by using the formulao for compound angles, that — 

(i) Bin 75° = , 

2 '/ 2 ' ’ 

(ii) cos 15° = , 

2V2 ' 

.(Hi) tan 105° = 1^ 4 ^ ! . 

1 - Vs ’ 

(iv) sin 00° = 1. 

(2) Given then tan 19° 48' = 0-3600 and that tan 36° 30' = 0-7400, find— 
(i) tan 39° 36'; 



68 ELEMENTARY PRACTICAL MATHEMATICS 


(3) II cos A = i end sin S a -fg, calcolate the values o! sin (ui -f B) and 
cos (A — B). 

(4) li sin A = and sin S calculate the Talo» of sin — B) and 

cos (A + B). 

(5) If sin A = -ft, calculate the valuea of ain U. and cos ZA, 

(6) If tan^ = 1'2 and tan B a 0-5, calculate tho values of tan 4- J7 
and tan (4 — B). 

tan 83 — tan 38 


(7) Evaluate 

(8) Evaluate 

(9) Evaluate 

(10) Evaluate 

(11) Prove that 

(12) Prove 

(13) Prove that 


1 4- tan 83 tan 38* 
tan 17 4- tan 13 
1 — tan 17 tan 13’ 

sin (10 4- s;) coa (20— z) 4- cos (1(14- (20— z). 

cos (75 4- x) cos (30 4- z] 4- sin (75 4- z) sin (30 4- z). 
COB A — cos 3X , « . 

s-3 i *= tan 2A. 

sin 3A — aut ^ 


1 4- e 


a (..4 4- B) sin (X - J7) » sin* A ~ sin* B. 
and check thia svhen A ~ 45* and B « 30*. 

(14) Prov.th.l 

(15) Prove that 

sin 3y 4- 4sin (y— 60) em y sin (y 4- 60) o 0. 

,1.. « .t . tin 4X cos 2X 

(16) Prove that . - , . ■ . 

' 14- cos 2X 14- cos 4X 


> tan A , 


(17) Prove that 


4 tan X (1 — tan* X) ^ 

j e- .... 

(Additional elementary examples on the work of this chapter mil be found 
m page 177.) 


(1) Prove that 


exampi.es XV 

sec* A 4- «cc X tan X = 


1 -BUlX* 

(2) Find the value of 6, less than 00*. which satisfies the equation 

sec 0 + tan 0 2. 

(3) State the values of — 

sin"* 0-8, COS"* 0-8, arc tan 1*2, (sin 30*)"*, sin* 40*, (cos 60*)”*. 

(4) Find the values of — 

am 240*, cos 240*, tan 240* 
and, using these values show that 

(sin 240*)* 4- («» 240®)* =» 1 
sin 240* 
cos 240* ' 


and that 


ton 240*. 


n (90 4- X). cos (180- X), ton (270-X),coBec (270 4- X), sec (360 -X). 
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(6) Find the values of — 

. 6.7 10 11 * / 5 \ 

cos- a:, sm— 71, sec -g- 7i, cosec — 7i, cot ( - g 7i J- 

(7) la a triangle ABG Bide AS = S in,, angle AOS = 36°, and angle (7 = 
60°. Solve the triangle. 

(8) A ship is steaming N. 70° E. at 20m.p.h., and the bearing of a lighthouse 
from it is N. 37° E. Twenty minutes later the bearing of the lighthouse is 
N. 29° W. Calculate the distances of the ship from the hghthouso when the 
two bearings were taken. 

' (9) From a point duo south of a mountain the angle of elevation of its 

summit is 16° 32'. From another point, also due south, but 2000 yd. nearer 
than the first point, the angle of elevation of the summit is 37° 20', the 
two points of observation being at the same level. Calculate the height of 
the mountain. 


(10) Find the values of cos 3A and tan 3A in terms of trigonometrical 
ratios of the angle A. 

(11) (a) Show that the cosine of an angle is equal to the sine of the com- 
plement. 

(6) Use the tables to show that 

2 sin 110° cos 110° = sin 220°. 


(c) If jD is any angle from 0° to 90°, both inclusive, find tbe greatest and 
least values of gQ,^g.g _ 2i. {E’M.E. U.) 


(12) S is a point 4-2 mUes south of a point A. The direction from A of a 
ship, P, is 16° south of east, and the direction of P from B is 30° east of* north. 

Calculate — 

(i) the distance of P from A, 

(ii) the distance from A of the point on the straight line AB, from which 

the direction ofp is duo north-east. (N.G.) 

(13) (a) Using the formula for sin (A -f B) find the value of the following 
expression — 

sin 0 -f sin (0 -h 120°) -J- sin (0 -f 240)° ; 


{U.L.G.I.) 


(6) Evaluate (0 — sin 0), when 0 = — radians, r = 6. 

1 Z o 

13 

(14) (o) If sec 4 find the value of 

*> o 

2 sin A - 3 cos A 
4 8inA-9coBA' 

(6) Derive an expression for the area of a sector of a circle of radius r, the 
angle of the sector being 0 radians. ’ {U.E.I.) 

(15) (a) Prove the identity sin= A -f cos* A = 1 when A is an acute angle. 
(6) Verify that the above identity is correct when’A = 46°, 160°, 240°, 420°. 
(c) Use this identity to solve the equation 8 sin* 0 = 9-6 cos 0. 

' {E.M.E.U.) 

(16) P and Q are pomts on a straight coast-line, Q being 6-3 miles east of P. 
A ship, starting from P, steams 4 miles in a direction 65J° north of east. 
Calculate — 

(i) the distance the ship now is from the coast-line; 

(li) the sliip’s bearing from Q. (N.G.) 

(17) In a triangle APO the angle GAB = 44° and the angle ABC is obtuse. 

to the nearest degree, the 

angles AGB and ABC and the length of AB. (U,L.G.I ) 
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(18) In a xnochme (or testing thehardneM of laetals a steel ball of diameter 
10 mm was pressed on the specimen, and the diameter of the iroproaaion was 
found to be 3-75 mm. Calculate to three significant figures the depth of the 
impression. 

(10) (o) Express 160®, 170*» 180®, 190® in radians, and give their tangents. 

(6) Find the value of 

2e cos + (n -f 20) (a + b) 

V -a O + b 
where am 0 =» — — 
e 

and (n -p 20) ta an angle in radians 

and a = 2-5, b « 1-6, c = 20. (BJIf.E.17.) 

(20) Prove that if ABC is an acnte-angled triangle 

a _ b 
Bin A am B‘ 

At 2 p.m. a ship sailing due west at 16 m.p.h. sighted a lighthouse bearing 
66* west of north. At 2.30 the bearing was 21® west of north. At what dis- 
tance was the lighthouse when first sighted, and at whaf time will the distance 
from the ship to the Lghthouse he leastT (EM.E.U.) 

(21) (a) Show that the area o! a triangle ABO can be expressed m the form 
iAD X AO X tiaBAO. 

Determine the area when Afi s 6 in. AO ^ 5 m., and the angle BAO tm 

100 ®. 

(b) The circular steam outlet pipo from a safety valve is 4 is. external 
diameters it passes vertically thiough a roof inclined at 60* to the axis of 
the pine. State the shape of the aperture m the roof and detertnine its ares. 

iV.L.OJ.) 
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CHAPTER III 
VECTOR QUANTITIES 

Bkiefly expressed, a vector quantity is one wliich has direction 
as well as magnitude. Force, velocity and acceleration are 
examples of vector quantities, since, in order to specify them 
completely, we must give their directions as well as their magni- 
tudes. Thus, we speak of a velocity as 10 m.p.h. in (say) a 
north-easterly direction. 

On the other hand, length and mass are scalar quantities in 
which no question of direction is involved. 

Engineering students are very largely concerned with 
vector quantities, and it should be understood quite clearly 
that when such quantities are to be added together, or sub- 
tracted from one another, the methods to be used are different 
from those which apply to the addition and subtraction of 
scalar quantities. 

For example, if we add to a mass of 10 lb. another mass of 
6 lb. we have, as a result, a mass of 16 lb. In this case the ^ 
addition is by simple arithmetic. If, however, a force of 10 lb. 
weight acts on a body in a northerly direction, and we introduce 
a force of 6 lb. weight in a westerly direction, the total effect 
is Twt that due to 16 lb. weight, nor is its direction either north 
or west. Actually, the resultant force is one between 10 lb. and 
16 lb. w'eight, and it acts in a direction somewhere between 
north and west. 

To calculate the resultant force exactly we must apply the 
rules for the addition of vector quantities. 

Graphical Representation of Vector Quantities. Instead of 
writing “a force of 10 lb. weight in a northerly direction,” 
“a force of 6 lb. weight in a westerly direction,” and so on, a 
graphical method of representation has been invented which 
not only simplifies the method of specifying a particular 
vector quantity but also assists one in solving problems which 
involve such quantities. 

In the graphical representation these quantities are repre- 
sented by lines whose lengths represent — ^to a certain suitably 
chosen scale — the magnitudes of the quantities and whose 
directions represent the directions of the vector quantities. 

61 . 
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■ Thus, referring to Fig. 17,t the lino OA represents a force 
of 10 lb. vreight in a northerly direction, and line OB represents 
j. a force of 6 lb. weight in a westerly 
^ , direction. It should be noted that the 
^ scale to which the vectors are drawn 
is stated below the drawing. This 
should altcays be done, and the scale 
should be chosen to give a conveni- 
ently largo drawing. The larger the 
^ drawing the less be ’the effect of 

errors in the measurement of lengths 
on it upon the accuracy of the result. 
The signiffcance of this statement 
W * — ^ better appreciated . 

6 10 when tho next few pages have been 

Scale, icn) ‘ 2 lb wt read. 

Fi 9 . 17 Graphical Determination of the 

Resultant o! Two Vector Quantities. 
Suppose that a ship is being driven by its engines in a north- 
easterly direction at 10 ni.p.h. and that an ocean cuxient is 
carrying it in an easterly direction at 6 m.p.h. Under these 



Scale Imch ~ 4 miles 

Yva, 18 


conditions tho ship has two independent velocities at one and 
the same time. What will be its total, or resultant, velocity ? 

Consider its motion during one hour. In this time it will 
move 6 miles due east as represented by line OA in Fig. 18 
and, also, it will move 10 miles north-east as represented by 
lino AB. Hence, its total motion in ono hour will be from 

f The scales shown in this and aneceeding figures indicate convenient ones 
for actual drawing. They do not refer to the figures as printed in the booh, 
which are reduced in size. 
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0 to B. Now if we measure the length OB and convert this 
length to miles (according to the scale used in the drawing) this 
\vill give us the distance moved by the boat in one honr. 

If we had considered the movement in half an hour only 
we should have drawn OA' 3 miles and A'B' 5 miles. Then 
OB' would have given the total motion of the ship in half an 
hour. IVom the geometrical properties of “similar” triangles 
(discussed in the next chapter) it follows that the point B' 
will lie on line OB and, also; that OB' =-^ OB. Hence the dis- 



Sca/e 1 inch = 4 mp h. 

Fia. 19 


tance OB', travelled in half an hour, is half that travelled in 
one horLT and is in the same direction OB. 

In Fig. 18 the hnes represent distances in miles, but from 
what has been said it is obviously unnecessary to consider 
specific times such as one hour or half an hour. We can drawy 
a vector diagram of velocities as in Fig. 19, in which line OA 
represents 6 m.p.h. east and AB 10 m.p.h. north-east. 

The resultant velocity is, from measurement, 14‘9 m.p.h. in 
a direction N. 61° E. (or 29° North of East). 

,The triangle in Fig. 19 is called the triangle of velocities. 
In just the same way we have a triangle of forces. Thus if a 
body is acted on by a force of 6 lb. weight east and by another 
force 10 lb. weight north-east the resultant force, as obtained „ 
from a triangle of forces exactly similar to the triangle of Fig. ” 
19, would obviously be 14-9 lb, weight in direction N. 61° E. 

Note that arrows should always be placed on these vectors to 
. indicate direction OtoA (say) as distinct from direction A to 0. 

The Parallelogram Law. An alternative method of finding 
the resultant, or vector sum, of two vector quantities is to draw 
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a parallelogram as in Fig. 20, in which OA and OG represent 
the two vector quantities to a suitable scale and the diagonal 
OB represents their resultant, or vector sum, both in magnitude 
(to the same scale) and in diioction. 

It is obvious that this method is exactly the same in prin- 
ciple as the triangle method, since, in fact, the triangle OAB 
on this figure corresponds exactly to the triangles OAB of 
Figs. 18 and 19. (This foDows since the opposite sides of a 
parallelogram are equal, so that OC = AB.) 

In certain cases it is somewhat more convenient to use the 



parallelogram rather than the triangle, since it avoids any 
confusion regarding the direction of the arrow on the resultant 
vector. For this reason the parallelogram method will be 
used in the succeeding work rather than the triangle method. 

EXAMPLES XVI 

(1) Two forc«8, whose ifiagnitudes ere 7-lb. weight and S-lb. weight reapec- 
tivoly, act on a body, the angle between their directions being 120°. Find the 
resultant force on the body and the angle which the direction of this resultant 
makes with the 7-lb. force. 

(2) If P and Q are two forces acting on a body and a is the angle between 
their directions, find the resultant force P in each of the following cases— 

(i) i° = Soz.; Q=Qoz.t a = 64*. 

(ii) P=81b.; C=,121b.; a=110°. 

(iu> P = atons; <j «= ttona; o => 90°. 

. In thelast case check your answer bycalculation (use Pythagoras’s Theorem). 

(3) A man wishes to cross a nver in a rowing-boat so as to arrive at a point 
on the opposite bank exactly opposite to the point from which he started. 
If he can row at 4 m.p h and if tbe velocity of the stream is 3 m-p h. in 
what direction must he row T How long will it take hun to cross the river if 
it is 200 yd. wide? 

(4) If the man referred to in Question 3 rowed in a direction perpendicular 
to the stream, how long would he take to cross and how far down-strosm 
would he be earned before reaching the opposite bank T 
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Vector Subtraction. So far we have dealt only with the 
addition of two vector quantities. We must also consider sub- 
traction, or the difference between two vectors, as well as their 
sum. 

Before we can carry out subtraction we must introduce 
conventional positive and negative signs as applied to the 
vectorquantities, just as we did 
in graphical work in preceding 
chapters. Thus, if we call a 
velocity or force in a direction 
west to east positive, then the 
reversal of this — namely east 
to west — ^is negative. Again, 
if a force P acts in a direction 
N. 30° E. the reversal of 
this, acting in the direction S. 

30° W., is the force - P as 
illustrated by Eig. 21. 

Now, when we were adding 
two vector quantities we found 
that we could not express the 
sum of two vectors A and B 
arithmetically as ■ A + B, since their sum was not simply 
A -V B but was obtained by a parallelogram. 

We -write the vector sum as 

' ‘ [A] + [B], 

the square brackets indicating vector quantities and, therefore, 
that the summation is a vector summation and not merely 
an arithmetic sum. 

Similarly we -write a difference of two vectors A and B as 

[A]-[B]. 

This can be re--written as 

[A] + [-B] 

and this indicates a vector summation of vector A and the 
reversal of vector B, i.e. of vector A and - (vector B). 

Referring to Fig. 22 the lines OA and OB represent vectors 
A and B respectively; OB' represents -(vector B); and 
hence the diagonal of the parallelogram whose sides are 


/V 
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OA and OB' represents the vector difference of rector A and 
vector B (i.e. [OC] = [04] + [-OB] =* [04] - [OB]). 

Example 1. A ship is steaming due west with a velocity 



20 m.p.b. Some time later it is moving S.W. at 15 m.p.h. 
Find its change in velocity in both magnitude and direction. 
The change in velocity can be e^tessed as 

(Final velocity) - (Initial velocity), 


but the subtraction must, of couree, be vector subtraction 
and not arithmetical- * 



Sca/e. J^^JOrnl/esper/iour 

Pio. 23 


In Pig. 23 vector OA represents the initial velocity of 
20 m.p.h. west and OB the ^al velocity of 15 m.p.h. south- 
west. Vector 04' represents - (Initial yelocity), and this. 
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wLen added vectorially to the" final velocity, gives (Final ' 
velocity) - (Initial velocity) = Change in velocity.' 

In the figure, therefore, the change in velocity is represented 
by vector 00 and the change is, by measurement, 14’4 m.p.h. 
in direction S. 42|-° E. 

Exampijs 2. Forces of 60 lb. and 40 lb, puU on a body at 
a point A, the angle between their directions being 60°. Find 
the resultant puU. If the 40 lb. force is converted to a push 


d' B D 

j 



Scale 1cm. = wlb. 

Fig. 24 

instead of a puU find the magnitude and direction of the new 
resultant force. 

Referring to Fig. 24 the vectors AE and Ap represent, to 
scale, the puUs of 50 lb. and 401b. acting at A. The angle 
BAO = 60°. The diagonal AD of the parallelogram ABDO 
gives, to the same scale, the first resultant pull. 

By measurement this is 78 lb. in .a direction making an 
angle 33^° with direction AO. ' 

Regarding the second resultant, a push of iO lb, is obviously 
the same in effect as a pull from right to left' — ^i.e. in the oppo- 
site direction to the original 40 lb. puU. 

Thus, to find’ this second resultant we draw AO reversed 
as shown and complete the parallelogram ABD'O', the new 
resultant being given, to scale, by the diagonal AD'. By 
measurement, this resultant is 45*7 lb. in a direction maldhg 
an angle 1081° with the direction AC. 

Eqifilibrium and Equilibrating Force. A force may 'be defined 
as that which tends to move a body which is at rest, or to 
alter the motion of a body which is already mo’ving. Thus if 
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a single force acts on a body the body will move. From the 
foregoing paragraphs it can be understood that if two forces 
are acting on the bodj’ these two forces will, in general, have a 
resultant which will be diJferent both in magnitude and direc- 
tion from either of them. The body will, however, still bo 
caused to move, since the two forces can bo replaced by a 
single -force — namely, their resultant. But if one force is 
exactly equal and opposite in direction to the other the resultant 
will be zero, and the body will not move. Again, if the two 
forces are not equal and opposite and a third force, equal in 



magnitude but exactly opposite in direction to tktir resultant is 
applied to the body, the total resultant of the three forces will 
he zero, and the body will remain at rest. Under these condi- 
tions the body is said to bo in equilibrium under the action of 
the three forces, and tlie third force— equal and opposite to the 
resultant of the other two — is called the equilibrating force. The 
same applies if there are more than two forces acting on the 
body, provided that the force which is added to produce 
equilibrium is alwaj’s equal and opposite to the resultant of the 
forces which are already acting on the body. 

Calculation of the Uesoltant of two Vectors- If two vectors 
of magnitudes P and Q act (U a point, the angle between their 
direciiom being a, then their resultant R is given by the formula 
= p2 ^ Q2 ^ 2PQ COS a. 

This formula — ^which should be carefully memorized f— can 
bo proved quite easily by reference to Fig. 25. 

t Kote the sign preceding the term 2PQ cos a. In Book ZII we shall 
deal with a very similar formula in Tngonomelry in which this sign is minut 
instead o{ plus as here. 
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Proof. Sides OA and OB of the parallelogram OACB represent to' scale the 
vectors P and Q, the angle AOB between them being a. The diagonal 00 
■represents their res&ltant R. 

In the figure the line OB is produced to meet a perpendicular from C in 
the point D, ^ 

Then CDB = 90° and, since OB is parallel to AO, CBD^— a. Also, OB = 
AO = P. 

In the right-angled triangle COD 

(70* = OP* + OP* (from Pythagoras’s Theorem) 

= OP* + (OP + PP)*. 

Now, from triangle OPP, OP = OP sin a 

= P sin a 

and, also, PP = OP cos a 
= P cos a. 

Again 00 = P and OP = Q. 

P* = (P sin a)* + (Q + P cos a)* 

= P* sin* a -f Q* + 2PQ cos a -f P* cos*a 
= P* (sin* a cos* a) + Q* 2PQ cos a. 

But, sin* a cos* a = 1. 

P* = P* -f g* -f 2PQ cos a. 

To illustrate the use of this formula consider the example 
which was solved graphically in the preceding paragraph. 
Then, by substitution, the first resultant is given by 

R2 = 602 + 402 -f 2 X 50 X 40 X cos 60° 

= 2500 + 1600 + 4000 X ^ 

= 6100 
R = -v/OlOO 
= 78-1 lb. 

In the second case the angle between the two forces is not 
60° but 120°, whose cosine is - 

{R')^ = 602.+ 4o2_2 X 50 X 40 X J 
= 2100 
R' = y'2100 
= 45-8 lb. . 

It can be seen that these results compare quite well with 
those obtained graphically. 

If it is desired to calculate the directions as well as the 
magnitudes of the resultants this can be done by using the 
sine formula dealt with in Chapter II. 
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Thus, refDirmg to Pig. 24, 

DQ AD 


^rxDAC sin AGD 
Now DC == "50 and AD = 78'1 (to scale). 

Also, AGD = 120“ since BAG = 60“ and BA and DC are 
parallel 

50 781 

Bin DAG * 20 “ 


or 


60 sin 120“ 
780 

50 X 0-8660 
780 


0-5544 


DAC « 33“ 40'. 


This means that the resultant — represented by AD — makes 
an angle of 33* 40' with direction AC. 

The direction of AD' can be calculated in a similar way. 

Acceleration. By acceleration we mean rate of change of 
velocity. Consider a body moving in a straight line with a 
velocity of 2 ft, per sec. If after two seconds its velocity is 
5 ft. per sec. in the same direction tho change in velocity has 
been 3 ft. per sec. in two seconds. Its acceleration may be 
expressed as 3/2 ft. per sec. per sec. Strictly, this is the 
average acceleration', by dividing the total change in velocity 
by the total time and stating the acceleration as 3/2 we are 
assuming that the acceleration has been uniform during the 
two seconds. 

Instead of taking 1ft. per sec. per sec. as our unit of accelera- 
tion, as in tho above, we might, of course, take such units as 
1 cm. per sec. per sec., 1 m.p.A.perm»n., or, inthecase of angular 
velocity, I radian per sec. per sec. In all cases the unit must 
express rate of change of velocity. 

Acceleration is not always in the line of motion ; the velocity 
of a body might change in five seconds from 10 ft, per sec, due 
east to 20 ft. per see, north-east. In such a case the change in 
velocity is the vector difference between these two velocities, and 
not the arithmetic difference (20- 10). It follows, therefore, 
that the acceleration has a direction, as well as a magnitude, 
both of which must be found fiom a vector diagram. 
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Fig. 26 refers to this case. 

Vectors OA and OB represent the initial and final velocities 
respectively. The change in velocity is the vector difference 
[OjB] - {OA], i.e. the vector sum of OB and 00 given by vector 
OD. 

By measurement, therefore, the change in velocity in five 
seconds is 14'7 ft. "per sec. in direction N. 16° E., so that the 


-Initial 


D final 



Scd/e. 1 inch = lOft. per sec. 

Fig. 26 


acceleration — assumed uniform — ^is 14’7/5 = 2‘94ft. per sec. 
per seQ. in direction N. 16° E. 


Momentum, 
velocity, or 


The momentum of a body is the product of its mass and its 
Momentum = Mass X Velocity.' 


Now since mass is a scalar, not a vector, quantity, having magnitude, but 
no direction, we are merely multiplying a vector (velocity) by a number 
(mass), and thus momentum is a vector quantity. It follows that the rules 
which have "been stated regarding change of velocity and rate of change of 
velocity apply in exactly the same way to momentiun. Thus, change in 
momentum = mass x change in velocity, or rate of change of momentum 
= mass X rate of change of velocity, the change in velocity being determined 
vectoriaUy as previously explained. 


EXAMPLES X’VEI 

(1) Find, graphically, the vector difference of two vectors of 7 and 8 uhits 
acting at an angle of 60° apart. 

(2) A body is acted on by two forces — a pull of 20 lb. horizontally and a 
push of 30 lb. vertically downwards. Find the magnitude and direction of a 
third force which, if caused to act on the body, would prevent its movement 
under the action of these two forces. 

(3) If P and Q are two forces acting at a point, the angle between them 
being a and their resultant being a force J?, calculate — 

(i) P when P — 5 lb., Q = 6 lb., and a = 50°. 

(ii) a when P — 8 oz., Q = 9 oz., and li = 16 oz. 

(iii) P when Q — 3 tons, R — 5 tons, and a = 90°. 

(iv) jR when P = 120 grams, Q = 180 grams, and a = 120°. 
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(4) A ship is being driven its enginea st 10 m.p.h due east. It is being 
earned by a current whose rata is B m p.fa, and its resultant velocity is in a 
direction N. 60® E. Calculate the directraii of the ctirretit and the magnitude 
of the resultant velocity. (Use thesme formula to carry out the calci^tion.) 

Check your answers graphically. 

(6) A Mdy is moving at 20 ft. per see. and five seconds later it is moving 
Still at 20 ft. per sec , but in a direction making an angle of 60° witb the 
first direction. Find the magnitude and directiou of the acceleration, supposed 
constant. 

(6) A body which is moving at 15 m.p h. due hortli has an acceleration of 
2 (t. per sec per eec ui a NAV. dueetton. Find the magnitude and direction 
of its velocity after eight seconds. 

Relative Velocity. When we epeak of tho velocity of a 
point A relative to a point D (both of which points are, in the 
general case, assumed to be moving) we mean “that velocity 
which A must hate if it alone moves and B remains station- 
ary, in order that the displacement between the two points in a 
given time may be the same in magnitude and direction as when 
both the points were moving." Alternatively, the velocity of A 
relative to B is the one which it appears lo have when looked 
at from the moving point B. 

To take an example, suppose a train A is moving along a 
railway line with a velocity of 30 m.p.h., and that another 
train B is following it at 20 m.p.h. Then the velocity of train 
A relative to train B is 10 m.p.h., since A obviously gains on 
B at this rate. In other wor^, if B remained stationary and 
A proceeded at 10 m.p.h the two trains would be the same 
distance apart at the end of any given time as they would be 
if they moved at 30 and 20 m.p.h. respectively. 

Strictly spealdng all velocity is relative ; when we speak of 
a velocity as 20 m.p.h. we mean — although we do not often 
say so, since it is commonly understood — 20 in.p.h. relative 
to the surface of the earth. But, os we all Icnow, tho earth is 
itself moving, so that the actual velocity of the train in space 
is something very difierent from 20 m.p i. For most purposes, 
however, no assume the earth's surface to be stationary, and 
call what is actually the “velocity of the train relative to the 
earth” the “velocity” of the train. 

Now, in the above example of the two trains, we obtained the 
velocity of A relative to B by subtracting B’s velocity from 
A'a velocity. We can, therefore, express this in the form of an 
equation as follow’s — 

Velocity of A relative to B 

= A’a velocity - B’s velocity. 
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1-6 


It is important to note that this equation holds good no matter 
whether the two velocities are in the same direction or not, provided 
the rides for vector subtraction, as explained in the preceding 
paragraphs, are applied in all cases. 

ExAStPiiE 1. Two trains, A and B, are moving in opposite 
directions along a railway line with velocities of 30 m.p.h. and 
20 m.p.h. respectively. Find the velocity of A relative to 15.' 


Re/oiive 
Q Ve/^y. of stone 



Stones Velocity 
SS-Pt.per sec.' 


■B 


-Trains ^ ^ Trains Velocity 

Velocity 44 fi. per sec. 

Scale, 1cm = 10 -Ft. per sec. 

Fig. 27 


■ In this case, from the vector point of view, the velocity of 
fi is - 20 m.p.h. Hence 

Velocity of A relative to B = A’s velocity - B’s velocity. 

= 30 - (- 20) 

= 50 m.p.h. 

Note that a vector diagram is urmecessary for the subtraction 
in this case, since the two velocities are in one straight line, 
although they are opposite in direction. 

A little consideration will show that this answer is correct, 
since, if the trains start from the same place and move in 
opposite directions ■with velocities of 30 m.p.h. and 20 m.p.h.,' 
they will oh'viously be 60 miles apart at the end of one hour. 

Exampke 2. A train is travelling at 30 m.p.h. and a stone 
is th^o^vn at it with a velocity of 33 ft. per sec. in a direction 
perpendicular to that 'of the train. Find the magnitude and 
direction of the velocity -with which the stone appears, to a 
person on hoard the train, to he approaching the train — ^i.e. find 
the velocity of the stone relative to the train. 
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Now tho velocity of the Btono roltitivo to tho train is 
Stone’s rolooity - Train’s velocity. 

Since these two velocities aio not in tho sarao diteotion tho 
subtraction mnst bo carried out vcolorially, as previously 
explained. This is done in Pig. 27, in which OA and OB ropro* 
sent, to scale, tho velocities of tho stono and train respectively 
in feet per second. (Note that OB is mndo to represent 44 ft. 
per see. since this is the equivalent of 30 m,p.h.)t OB' repre- 
sents tho reversal or negative of tlio train’s velocity, and wlion 
this vector is added by parallelogram to tho vector OA the 
resultant velocity, ropresonted by OC, gives tho velocity of 
tho stono Tclativo to tho train. 

By mcasuroincnt this velocity is found to bo 55 ft. per 
see. in a direction making an angle of 120® 52' with tho direc- 
tion OB of tho train. 


EXA>rpj.i:s xvni 

(1) Two A nnd P, are eailms wah volotitiw 15 m.p.h. N.W. and 
20 m.p.h. N. 30* ZC. rMp^ctivoly. Find tho velocity of A rclativo to D. 

(S) To A person on tionnl n ship which Is steaming at 16 m,p h. due north 
anotiior ship appears to bo steaming north-east. If tho actual speod of tho 
second ship Is 18 in.p.h. lln<l its actnal diroction of movomont. 

(3) Two motor.cArs start togoUior from a cross-roads and move along two 
difforont roads mth stondy spwxia of 20 m.p.h. and 30 m.p h. roapcetively. 
At whnt onglo nra tho roads inclmoil to ono anotlmr if tho octuai distance 
botween tho two cars incrcasoa at tho rato of 2S in.p.h. I 

(.f) Tno aaraptAnc<s, A and P, nro flying at tho sumo hoight nnd their 
velocities nro, rospoctivoly, 260 m.p.h. duo north nnd ISO m p.h. in direction 
S. 47* \Y. IVitJi what velocity and In what ditoction does A appear to iw 
moving ns viowod by a person on boani aoroplnno If T 

(5) To a person Iravollmg i»t 20 m.p.h. In n train which tuna along the 
coast in direction soutli.casC a shin appoara to bo ■ailing in n diroction per* 
pondicular to tho const (l.o. north-onsl). 1! tho ship is octimlly aniling at 
26 m p.h.. in whnt direction is itandingT * 

(0) A ship is sailing duo west nt 20 m.p h. and a socond ship, which is lying 
16 miW duo south of tho first, wislm to ovortaho it. If tho aocontl shin can 
sad at 28 m.p.h., in whnt direction must it sail nnd liow long will it taho to 
owrtnho tho first? 

The Polygott olFotces. Whea mote tluwi two fotcca are acting 
at a point obviously wo cannot uso tho trianglo or paraUclo* 
gram roothotla of grftpWqal solution to find thoir resultant. 

In Fig. 28 (a) tlicro aro four forces noting at a point 0, those 

t It is convenient to romomber that 60 m.p.h. 8S R. per soo. 
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forces being co-planar — i.e. lying in one plane. In Fig. 28 (b) 
these forces are represented in magnitude and direction dia- 
grammatically by the four lines oa, ah, be, and cd. It -will be 
noticed that these four lines do not form a closed figure (poly- 
gon). Now, it can be shown experimentally that if such a 



diagram of forces as that of Kg. 28 {b) forms a closed polygon 
the forces which its sides represent are in equilibrium. It 
follows, therefore, that the dotted line do which closes the 
polygon represents, in magnitude and direction, a fifth force, 
which, if applied together with the four shown in Fig. 28 (a) 
and in the same plane, would produce equilibrium, i.e. the 
fine do represents the equilibrating force. Now it was shown . 
on page 68 that the equilibrating force is always equal in 
magnitude and exactly opposite in direction to the resultant. 
Hence the line do represents the magnitude of the resultant 
of the forces shown in Fig. 28 {a) and the direction of the result- 
ant is od — i.e. opposite to the direction do of the equilibrating 
force. 

By measurement of the line od in Fig. 28 (6) we find, there- 
fore, that the resultant of the four forces is 3'41b., and its 
direction is, of course, od. 

Another method of finding the .resultant of a number of - 
forces acting at a point wiU be given later in the chapter. 
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BXAMP1.ES XIX 

(1) Find the jnagDituda and direction o{ the resultant of four co-planar 
forces of 3 tons, S 5 tons, 3 tons and 4 tons, the angles between them being— 


Between 2 and 2*5 ..... 50” 
Between 2-5 and 3 . . . . . 70* 

Between 3 and 4 ..... 13Q” 

Between 4 and 2 .... . 120” 


(2) Five forces of 71b., £lb., 4 lb.. 8Ib. and 61b. act in one plane at a 
point in directions north, nOTlfa.weat, S. 70” E., S. 35* W., N. 40” E. respec- 
tively, Find the magnitude and direction of their resultant. 

(3) Four ro plinar forces A, B, £? and Z> act at a point. Thoir values sro : 
A *= CO Ib. due north, S = 801b. due west. C = 70 lb. N. 7S”E. and Z) = 
401b.S.I0”E. Are those forma in equilibrium 7 If not find, by the polygon 
method, n fifth fore© which, together with th© existing four, would produce 
equilibrium 

(4) Referring to Question 3, find, by mrallelogram, the resultant (S) of 
A anrl B, then the resultant {T\ of C and U. Drau anotlier parallelogram with 
theso resoltants S and T as its sides and show that this mothod gives the 
same mult as the polygon method used m Question 3. 

Components and Resolution of Forces. Earlier in the chapter 
tve have discussed the resultant of tivo forces acting at a 


r 



point, the resultant being a single force which has the same 
effect upon the point on which it acts as do the two forces 
acting together. In the same way we can replace a single force 
by two forces acting at the same point, these two forces being 
in any desired directions. Such forces are called the com- 
ponents of the single force in the directions chosen. 

Thus, in Fig. 29 a single force P acting along OP is split up 
into two components in directions OX and OY. This is done 
graphically by drawing two lines from P parallel to OX and 
OY respectively. Then ON ropnsents the component of P in 
direction OX, and OM the component in direction OF, to the 
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same scale as that to -which the line OP — ^representing force P — 
is dra^vn. 

It is obvious that forces represented by ON and OM are_ 
together equivalent to the single force P, since these lines are 
the sides of a parallelogram of -which OP is the diagonal, i.e. 
P is the resultant of forces represented by ON and bM. 

The above process is spoken of as the resolution of the force 
P into its two components in directions OX and OY. 

A special case of such resolution occurs when the two dhec- 
tions OX and OY are at right angles to one another. The two 
components are then called the resolved parts or rectangular 
components of the force P in the two directions. 

Eeferring to Pig. 30, the forces represented by ON and OM 
are the resolved parts of the force represented by OP in the 
directions OX and OY respectively. The lines PN and PM 
are, of course, perpendicular to OX and OY respectively. 

R’om the triangle PNO it foUoAvs that the resolved part of 
the force P in direction OX (i.e. the total effect of P in direction 
OX) is OP, cos 0, where 6 is the angle between OP and direction 
OX. Similarly QM = OP cos (90 - 6) = OP sin 6. Hence, 
if we substitute the mag- 
nitude P of the force for 
the length OP, we can say 
that — 

Resolved' part of P in 
direction 

OX — P cos 6 

and, resolved part of P in 
direction ' 

‘OY = P cos (90 - 6). 

In general the resolved 
part (or total effect) of a 
force P in a direction making an angle 6 with that of the force is 
P cos 8. 

It follows, also, from this statement that the resolved part, or 
effect, of a force P in a direction making an angle of 90° ^vith its 
'own direction is P cos 90° == 0. 

Example. In Pig. 31 A is a pin joint and is in equilibrium. 

' It is supported by a smooth horizontal surface, and the two 
niembers meeting at the, joint are iijclined at 60° to one 
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another as shown. If there is a downward thrust of 50 lb. in 
the inclined member find the force in the horizontal member 
and the pressure on the aupx>ort. 

Now, we can split up the 60-lb. force into two compon- 
ents or resolved parts, one vertically downwards and the other 
horizontally right to left. This splitting up is shown in the 
figure (not to scale), the resolved parts being P and Q. 

Now, from what has been eaid P «= 60 cos 60° and 
Q = 60 cos 30°, i.e. P = 25 lb. and Q = 43*3 lb. 

Since the support is smooth it cannot exert any horizontal 
frictional force, so that the 
whole of the horizontal com- » 
ponent P must be counter- 
balanced by a force of 25 lb. 
left to right (i.e. away from 
the joint) in the horizontal 
member. 

This force in the horizontal 
member has no effect rer* 
ticallj (i.e. in a direction 
perpendicular to itself), and 
thus the pressure on the 
support is Q =s 43*3 lb. 
Resultant of a Number of 
Fio. 31 Co-planar Forces by the Reso- 

lution Method. The resolu- 
tion method can be applied to form a very useful means of 
calculating the resultant of a number of co-planar forces 
acting at a point. This calculation method provides an alter- 
native to the graphical method of determining such a resultant 
by the polygon of forces, which has already been discussed. 

Fig. 32 (a) shows five co-planar forces — P, Q, S, T and W 
acting at a point — whose resultant is to be found. Two axes 
XX' and YY' are taken, perpendicular to one another. It 
does not matter in what dfrections these two axes are drawn 
so long as they are taken pmpendicular to one another. Posi- 
tive (4-) and negative (-) signs are placed on them just as in 
drawing graphs, and the resolved parts of all the five forces in 
the directions XX’ and YY’ are' found. The resolution is 
illustrated by dotted lines in the figure, but will be done by 
calculation as below. 
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Honzonlal Com^oneTifa 

Horizontal component of IT = + iF cos 0" = -f* TT 
„ „ 1* = + P cos a , 

„ „ T — 4- P cos 6 

„ „ Q = ^ Qcos^ 

„ „ S ^ S cos y. 

Total horizontal componont of the five forces 
H = W 4- P cos a + 7* cos 3 - $ cos ^ - 5 cos y. 

Vertical ComponenU 

Vertical component of FT = IF cos 00 = 0 
„ „ P = + P cos (90 ~ a) 

(auice 00 ~ a ta tho angle between 
P and TT'). 

= 4- Psin a 

„ ,, Q = + Q cos (90-^) « -f Qain^ 

„ „ 5 =s -iS cos (90-y) = -iSainy 

„ „ P =s -Pcos (90-d) = -Pain^. 

Total vortical component of the five forces 
r s= 0 4- P fiin o 4- ^ sin sin y “ P sin 3. 

We have now reduced tho fivo forces to two forces — H 
horizontally and V vertically. These are shown in Pig. 32 (6). 
It is now a simple matter to calculato tho resultant of H and V. 
In tho figure tho parallelogram of forces for H and V is drawn 
and R is their resultant. Since this parallelogram is actually a 
rectangle wo can use Pythagoras’s Theorem and say that 
ps =1 H* + V* 
or R = 

This gives tho magnitude of tho resultant of the five original 
forces, since wo replaced tho five by two equivalent forces — 
namely H and V — ^before using Pythagoras’s Theorem. 

The direction of tho resultant R can be found from tho fact • 
that 

V 

tan 0 = g, both V and H being known. 



VECTOR QUANTITIES 


81 


EXAJIPLES XX 

(1) A canal barge is in the middle of a canal 60 ft. wide and a man on the 
bank, 60 ft. ahead of the barge, pulls with a force of 80 lb. on a rope attached 
to it. IVhat is the force urging the boat 
forwards, and what force is tending to 
pull it towards the bank on which the 
man is standing?, 

(2) A crank 18 in. long is revolving 
at 300 r.p.m. What is the vertical 
component of the velocity of the end of 
the crank at the instant when the crank 
is inclined to the vertical at an angle 
of 50“ 7 

(3) The pin joint shown in Eig. 33 
rests on a smooth support and is in 
equilibrium. If the forces in the mem- 

' hers inclined to the horizontal at angles 
of 40° and 60° are 12q lb. and 50 lb. 
respectively in the directions shown, 
calculate the force in the third member and the pressure on the support. 

(4) Calculate the magnitude and direction of the resultant of five co-planar 
forces — 

101b. due East; 81b. N. 20°W.; 71b. S. 80°W.; 61b. S. 30°E.; and 
91b. N.40°E. 

(5) , If, in Question 4, the second, third and fifth forces are reversed in 
direction what will then be their resultant 7 

Rotating Vector. Referring to Fig, 34 the line OP rotates 
in an anti-clockwise direction about the end 0, starting from 
the position OX, In the figure OP has rotated through an 
angle d from its zero position (i.e. OX). Now if a line is drawn 
through P parallel to OX this line meets the vertical lino YT' 
in the point P'. To the right-hand side of the figure rectangular 
axes are drawn and the horizontal axis is marked out in a 
scale of degrees to represent values of 0 — ^the angle moved 
through by the line OP as it rotates. At 6 degrees along this 
scale an ordinate MN — of, no special length — is set up. The 
line through P when produced to the right meets MN in the 
point Q. 

Now, in the triangle POP', 

OP’ A 

Qp = COS POP' = cos (90 - 0) = sin 0, 

OP' = OP sin Q. 

Also, MQ is obviously equal to OP', so that MQ is also 
equal to OP sin 0. 

If OP is of length R units, then, letting OP' ~ y, we have 
y — R sin 0 = 3IQ. 



Fig. 33 
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If the process of projection is continued for a number of 
values of the angle 0 rre shall obtain, to the right-hand side 
of the figure, the graph 

~ Rsin 6 

as shown. ■ 

The line OP, of length R units, is called a rotating vector or, 
sometimes, a radius vector. 

There are several quantities in engineering practice which 
vary according to a sine lato^ such as ^ =s P sin d. Por example, 
the voltage generated in an alternating-current generator, or 



alternator, obeys such a law, the angle 0 in this case being 
the angle turned through by the rotating part of the alternator. 
Thus, if we let e be the voltage corresponding to any angle 6 
we have 

e = P sin 0. 

Now, we have seen already that the largest value of the sine 
of an angle is 1, i.e. when the angle is 90°. IVhen 6 = 90°, 
therefore, 

e P sin 90 s= P. 

E is thus the maximum value of the generated voltage. 
Vftj may thus Hatte for tSa© vtAtage t ©tirrcaptariiTig to ©oy 
angle 0 

c = maximum value of the voltage x sin 0, 

Wo could use the rotating vector method to draw the graph 
of the voltage c by making the radius vector OP represent E 
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volts to scale. (e.g. 1 cm. = 10 volts). The ordinates of the 
graph would then give the values of e to the same scale. 

’ (Additional elementary examples on the -work of this chapter will be found 
on page 178.) 


EXAMPLES XXI 

(1) Eind graphically the magnitude and direction of the residtant of two 
forces of 5 tons and 8 tons pulling on a point, the angle between the forces 
being 66°. 

(2) In a framework there is a pin j oint at which three members A, B and G 
meet. The angle between A and B is 25°, and between .B and C 36°. Thfere 
is a thrust of 60 lb. in A and a pull of 160- lb. in C. If the joint rests in equili- 
briiun on a smooth support, calculate the force in member B and the pressure 
on the support. The member O is horizontal. 

(3) A man wishes to cross a river 160 yd. wide in which the current flows at 
2} m.p.h. If he can row at 6 m.p.h. in what direction must he row in order 
to reach a point on the opposite bank directly opposite from where he started, 
and how long will it take him to cross ? 

(4) An aeroplane is ascending so that its altitude is increasing at the rate 
of 60 ft. per sec. The horizontal component of its velocity is 80 m.p.h. What 
is the magnitude and direction of its actual velocity? 

(6) Find graphically the vector difference between a force of 9 lb. due 
north and a force of 6 lb.' in a direction S. 65° E. 

(6) The velocity of a body changes in three seconds from 30 m.p.h. N.W. 
to 20 m.p.h. S. 70° W. Find its acceleration. 

(7) A thrust of 30 lb. and a pull of 50 lb. act on a point, the angle between 
them being 60°. Calculate the value of a third force which, acting on the point 
in the same plane as the other two, mil keep the point in equilibrium. 

(8) Calculate the magnitude and direction of the resultant of two forces of 
2 tons and 3 tons acting at a point, the angle between them being 60°. 

(9) Two bodies A and B are moving as follows : A moves at 30 ft. per sec. 

due oast; B moves at 40 ft. per sec. N.W. What is the velocity of A 
relative to N ? » 

If the bodies start from the same point together how far apart will they 
bo after 6 sec. 7 

(10) Two trains, each 200 yd. long, are moving in the same direction along 
parallel lines. If one is travelling at 60 m.p.h. and the other dt 40 m.p.h. 
how long will it take for the faster one to pass the slower, reckoning from the 
time at which the engine of the faster train overtakes the rear of the slower 
one. 

(11) Four co-planar forces of 40 lb., 26 lb., 30 lb. and 50 lb. act at a point 
in directions N.W., S. 70° E., N. 35° E. and S. 40° W respectively. Find 
graphically the magnitude and direction of the fifth force which, acting 
together with them, will produce equilibrium. 

, (12) At a joint in a roof truss four members meet. Of these one is hori- 
zontal, one vertical, one is inclined to the vertical member at 25° and is on 
the same side of it as the horizontal member, while the fourth is inclined to 
the vortical member at an angle of 60°, and is on the opposite side of it from 
the other two members. Find the forces in the horizontal and vertical 
members if the member inclined to the vertical at 25° carries a thrust of 
2 tons arid the fourth member carries a pull of 3 tons, the joint being in 
equilibrium. 

(13) A force of 10 lb. acts on a point. Find two forces which, acting in 
mreotions maldng angles of 60° and 25° on either side of the 10 lb. force, will 
have the same effect on the point as the latter. 
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(14) Five co-pIanar forcea aet at a point. These are follon's— 

201b. duoX. 

as lb. S. 53* E. 

42tb.N.49“W. 

25 lb. S 29“ W. 

161b. N.20“E. 

Calculate the magnitude and direction ot their resnUant. 

(15) A certain quantity x varies according to the lavr 

X « 6 ein 0. 

Uaing the rotating vector method draw the graph of this quantity from 
0 = 0 to a = 360“. 

(16) A body is movmg due north with momeotum of SDOO units. Three 
seconds afterwards it is moving south.weat with 4000 units of momentum. 

Show by means of a Vector Diagram how to obtain the change of tnomen* 
turn. Galculato-- 

(i) The total change of momentum. 

(ii) The average change of momentum per second. (UJC.I.) 

(17) Four co'planar forcea act on ft pin in a structure. The forces are 3 tons 
acting east, 7 tons at 60* north of east, 6 tons at 20* north of west and 6 at 
63* south of east. 

AU the forces ore pulling away from the pin and may be considered as acting 
at a point. By a trigonometrical method find the magnitude and (Motion 
of a single force that would balance tbo above system of forces. iVJlJ.) 

(16) Plot the curve y « sin d + 0 4 sm 20. for values of 0 between 0* and 
180*. If you use your tables for the sines take vsluea of 0 by 20* ineremonte. 

A solution by rotating vectors will be accepted. (VX.O.Z.) 

(19) Two forces of 3 5 tons and 6 7 tons act together in the same plane at 
a ^mt. Both forces puU away from the point, and the angle between the 
dictions of the forces is 76*. 

Bepresent these forces on a diagram and complete the parallelogram of 
which they are adjacent aides. 

The single force equivalent to the above two forces is represented by the 
diagonal of tlus parslielogram drawn through tbe meeting point of the forces. 
Calculate— 

(i) The magnitude m tons of this single force. 

(u) Tho angle, to the nearest degree, which this single force makes with 

the line of action of the greater of the above forces. 

iV.B. Beodings taken from a scale drawing wiU not be accepted os a solution. 

(V.EJ.) 

(20) Steam enters the blades of a turbine with a velocity of 1590 ft. per * 
6CC. in a duection making an angle of 20* with the horizontal. During the 
passage through the blades the steam la turned through an angle of 107* and 
leaves the blades with a velocity of 465 ft. per sec. Draw to scale a diagrozo 
of velocities showing— 

(i) The change in the velocity ol theBteaminpassingthrough the blades; 

(u.) The change of atcam vel^ty in a Komowtel direction. 

Read oS these changes of veloaty in feet per eecond, (U-EJ.) 

(21) A weight Tr lb. le to be euspand^ by two strmgs of lengths 7 ft. and 

0 ft. respectively from two points 12 ft. apart in a horizontal beam. What 
is the maximum allowable value of TF if the string used breaks under a 
tension of 60 lb.7 , ‘ 

(22) At a certain time a ship which is eatling at 12 m.p.h. due south u 
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20 miles north-west of another ship which is sailing at 25 m'.p.h. in a south- 
westerly direction. After how long wiU they be at their shortest distance 
apart and what will this distance be ? 

(23) Two rotating vectors are of lengths 6 cm. and 3 cm. respectively and 
rotate at the same speed. The shorter one has a fixed angifiar displacement 
of 60° behind the longer. Starting with the longer vector in the horizontal 
position, obtain, by projection, the corresponding sine curves. 

^ (24) Four vectors A, B, G and D have magnitudes and directions as 
follows — 

A • • .10 units due S. 

B . . .8 units S. 40° W. 

(7 . . .7 units N. 58° E. 

J) . . .6 units S. 26° E. 

Using the method of the polygon of forces, find the value of— - 
(Vector A) — (Vector B) -f (Vector C) - (Vector D), 
expressing your answer in both magnitude and direction. 


(T.is) 



CHAPTEK IV 

GEOMETRY AND MENSURATION 

Some Further Geometrical Facts. In Chapter V, Book I, wo 
discussed a number of important geometrical facts and theorems 
relating to triangles and rectangles. We must now consider 
some geometrical properties of circles and of similar triangles. 

Befiziitions. 

A circle is a curve, lying in a plane, such that all straight lines 
drawn to it from a point within it, called its centre, are of equal 
length. One such line is called a radius {pi. radii) of the circle. 
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An arc of a circle is any portion of its circumference or 
boundary. 

Concmlric circles are circles which have the same centre, 
but not the same radii. 

A chord of a circle is a straight lino joining any two points 
on the circumference, a diameter being any chord which passes 
through the centre. A diameter is obviously equal to twice the 
radius of the circle. 

A tangent to'a circle is a straight line which meets the circle 
in only one point, no matter how far the line is produced in 
'dit.hfui disft'iJ-jRru. feft, vnis/u ■& vntJai ikvii. 

a point outside it will, if produced, cut the circle in another 
point. This is illustrated in Fig. 35, in which two lines are drawn 
to meet a circle from a point P outside it. The lino PM is a 
tangent, since it meets fee circle only in the single point M 
86 
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while the line PN will, if produced, cut the circle again in 
point N' as shown. 


Theorems. 

1. If a chord of a circle does not pass through the centre, the 
straight line dravm from the centre to the mid-point of the chord . 
is at right angles to the chord. 




In Fig. 36 Zr is a chord and M its mid-point, a straight line 
OM being drawn from the centre 0 of the circle to this mid- 
point. 

Now, if 0 is joined to X and Y, two triangles, XOM and 
YOM, are formed. 

In these triangles 

OX = OY . . . (radii) 

XM MY- . . . (shice M is the mid-point) 

OM is common to both triangles. 

The triangles are congruent, or equal in all respects. 

It follows that XMO — YMO = 90°, so that OM is at right 
angles to X T. 

Conversely, if a straight line is drawn from the centre' of 
the circle perpendicular to a chord such as Z 7 it bisects the 
chord. 

^ 2. Two chords of a circle which are themselves equal are equi- 
distant from the centre of the circle. 

In Fig. 37 Z 7 and VZ are equal chords of the circle, and 
OM and ON are drawn from the centre perpendicular to these 
chords. 

It is required to prove that these perpendicular distances 
are equal, i.e.'that OM = ON. 
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If wo join OY and OZ we fonn two triangles which are equal 
in all respects, since 

OY ^OZ. , . (radii) 

MY ^ NZ . . (since they are tho halves of 

^ equal chords) 

OMY = ONZ = OO®. 

Therefore the triangles are equal in all respects and 
OM = ON. 

Conversely, two chords which are equidistant from the 
centre n.re equal. 

3. Th& radiita 0 / a circle, dratpn from the centre to the point 
of contact of a tangent, is perpendicular to the tangent. 

M 


P 


N 

Tio. 38 

This follows from (1) above if tho point of contact of the 
tangent is looked upon as an infinitely short chord of the circle, 

FVom this theorem it t;an bo shown that (he tivo tangents 
drawn to a circle from any external poitU are equal in length. 

Thus, referring to Fig. 38, PM and PN are two tangents drawn 
from the point P to the circle. If the lines MO, NO and PO 
are drawn the two triangles OMP and ONP are equal in all 
respects, since 

OM ^ ON . . . . (radii) 

OP is common 

and OMP = ONP = DO*. 

The tangents PM and PN are equal. 

Example. A cylinder of diameter 4 ft, is suspended from 
two points in a horizontal beam by two vertical rope slings, 
its axis being horizontal and lying 4 ft. below the beam. 
Calculate the length of each rope. 
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The arrangement is illustrated in Fig. 39. Now in Fig. 
39 {b), in which M and N are the points at which thQ rope 
breaks contact with the cylindrical surface, the length OP ~ 
4 ft., length OM = 2 ft., and, from the foregoing theorem, 

OMP ~ 90°, since PM is obviously a tangent to the circle 
whose centre is 0 . 



(a) (b) 

Pio. 39 


Referring to the triangle OMP we have, from Pythagoras’s 
Theorem, 

OP2 = OJf2 + 

42 = 22 + JfPs 

or iJfP2 = 42-22 = 12 

MP = = 3-46 

, =iVP. 

Before we can find the total length of rope we must find the 
length of the arc NQM, and to do this we must first calculate 
the angles PON and POM, which will obviously be equal. 

A OM 2 
cosPOii- = ^=-=0-5 

POM =60° 

= PON 

’ POM + PON = 120° 
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Aic NQM 240° g 

'* Circumference of circle 360® 3’ 

2 

Hence Arc NQM = ^ X w X 4 

= |ir=8-38fl. 

Thus total length of rope 

= 8*38 4- 2 X 3-46 
« 16-3 ft. 

4. If tico circles intersect, the line of centres bisects the common 
chord at right angles. 

Two intersecting circles ate shown in Fig, 40, their centres 
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being 0 and O'. Since they intersect at P and Q the line PQ 
is the common chord. 00' is, of course, the line of centres. 

Both 0 and O' arc joined to P and Q. Then in the triangles 
OPO’ and OQO' so formed we have 

OP^OQ . . . . (radii) 

0'P = 0'Q .... (radii) 
and 00’ is common. 

Hence these triangles are equal in all respects, and therefore 
PO'O — QO'O. Taking, now, teiangles PO'M and QO'M we 
have 

O'P — O'Q . . . (radii) 

PO'M = QO'M . . . (proved above) 

O'M common. 

Thus these triangles are also equal in aU respects, and hence 
PM=MQ 

and PMO' = Q^IO’, 



GEOMETRY AND MENSURATION 91 

■vrhioh means that the common chord PQ is bisected at right 
angles by the line of centres 00'. 

It foUc-ws from the above, by considering the point of con- 
tact as an infinitely short common chord, that if two circles 
touch each other, the line of centres passes through the point of 
contact-, either directly, as in Fig. 41 {a), or when produced 



Point of 
Contact 



as in Fig. 41 (6). In the second case one of the circles lies 
inside the other. 


EXAMPLES xxn 

(1) A cylindrical tank whose axis is horizontal has a diameter of 6 ft. and 
an axial length of 8 ft. 6 in. Water is run into it until the water surface is 
1 ft. from the top. Calcidate the area of the surface of the water. 

(2) A sphere of diameter 3 in. is cut through, the cutting plane being J in. 
from the centre of the sphere. Calculate the area of the cut surface. 

(3) A cylindrical boiler is laid with its axis horizontal along the centre of a 
platform 10 ft. wide. The boiler is 6 ft. in diameter and is fastened down by 
chains passing over it, the ends of the chains being attached to the outer 
edges of the platform. Calculate the length of one of these chains. 

(4) A cylinder of diameter 3 ft. is laid with its axis horizontal on two 
horizontal bars, parallel to each other and to the axis of the cylinder, whose 
centres are 2 ft. apart and 1 ft. above the gromid. Calculate the height of 
the top of the cylinder above ground if the diameter of each bar is 4 in. 

(5) Calculate the length of the common chord of two circles, radii Sin. 
and 2 in. respectively, when their centres are 4 in. apart. 

(C) Three equal cylinders of radii 1 ft. are bound tightly together by a 
rope which passes once rovmd them at right angles to their axes. Calculate 
the length of the rope. 

(7) A circle of radius 3 cm. touches two straight lines which are inclined 
at an angle of 60°. Calculate the area enclosed between the circle and the lines. 

(S) Throe equal circles of radii 2 in. touch'oach other. Calculato.the area 
enclosed between them. ■ • 

(9) Provo that six circles equal in radius to a given circle can be arranged 
so that each touches the given circle and two others of the six. 

(10) Four equal circles are arranged so that each touches two others of 
the four and also a circle of rqdiqs 1 in. Calculate their radii. 
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S. The angh subtended at (he centre of a circle by an arc ts 
double the angle subtended at the circumference by the same arc. 

Referring to Fig. 42, the angle POQ is subtended at the 
centre of the circle by the arc PMQ, and the angle PXQ is the 
angle subtended at the circumference of the circle by the 
same arc, X being any point on the major arc PXQ. 

We shall show that POQ = 2 PXQ. Before we can prove 
tins, however, we must consider a property of an exterior angle 
of a triangle. In Fig. 42 (6) the side CB of the triangle ABC is 
produced to D. Then it can be shown that 

DBA = BAC + BCA, 


X 



Fra. 43 


or, in words, the exterior angle is equal to the sum of the 
interior opposite angles. 

Now, in Fig. 42 (o), if we draw the line XO and produce it 
to Y we can use this property of the exterior angle and say 
that A A 

POY = OPX -j- OXP in the triangle POX 
and, also, QOY = OQX -h OXQ in the triangle QOX. 

POQ = POY + QOY = OPX + OXP + OQX -f- OXQ. 

But both of the triai^les POX and QQX are isosceles amca 
two of their sides are radii, so that their base angles are equal. 
Thtts A A 


and 


OPX = OXP 
OQX OXQ, 
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so that we can write 

POQ = 2 OXP + 2 OXQ = 2 {OXP + OXQ) = 2 PXQ. 
Now it was stated that X was any point on the major arc, 
so that if instead we had taken the point X' we could have 
proved in exactly the same way that 

POQ = 2 PX'Q. 

Hence, angles PXQ and PX'Q must be equal. This means 
that angles subtended at the circumference by the same arc (i.e. 
angles in the same segment) are equal, f 
Further, in the special case when the arc PMQ becomes a 
semicircle as in Fig. 43 — P and Q being then the ends of a 

A 

diameter POQ — the angle POQ is now 180°, and PXQ is always 


Q 


M 

Fio. 43 Fio. 44 

A 

half of tins (as sho'wn above), so that PXQ = 90°, and all other 
angles drawn in the upper semicircle have the same value. 

Otherwise stated, "the angle in a semicircle is a right angle.” 

ExAatPLE. A bridge over a canal is in the form of a semi- 
circular arch of 40 ft. diameter. A barge passes under the 
bridge at a distance of 10 ft. from one of the end supports of 
the arch. Calculate the gi’eatest height above this end support 
which the mast of the barge can have if it is to clear the arch. 

In Fig. 44 the vertical line DC, of height p ft., represents 
the mast of the barge. The point C is joined to the two ends 
A and B of the arch. 

Let OAD = 0. 

Since CD is vertical CD A =90°. 

ACD = 90-0. 

t. Our proof is given for the simplest case only. The result holds for all cases-, 
including the one when PXQ is a minor arc. 
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But we have proved above that the angle in a eemiciicle 
is 90“, so that ACB — 90®, 

DOB^^AGB-AbD 

= 99® -(90 -6)®= 0. 

Now, in triangle CDA^ 

P 


10 

and in triangle CEB 


=s tan 6 


BE 30 

= — = tan 6 

P P 

ainco both are equal to tan 6 
r s= 300 

p = VSOO = 17-3 ft. 

(The student might usefully check this graphically.) 



From the fact that the angle subtended by an arc of a circle 
at the centre is twice the angle at the circumference it follows 
that — 

The sum of each pair of opposite angles in a cyclic quadrilateral 
, (t.e. o four-sided figure dravm vnthin a circle mth all its four 
comers lying on the circle) is 180®. 

Referring to Fig. 46 ABCE is a cyclic quadrilateral. If we 
join the centre 0 of the circle to A and G we have the marked 
angle AOG equal to 2 and the unmarked angle AOC 
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equal to 2 ADO. But the marked and unmarked angles AOG 
are together equal to 360°, so that we can say 

360° = 2ABG + 2AbG 

or 180°= ABGA- ADG, 

and since ABG and ADG are opposite angles of the quadri- 
lateral the above statement is proved for one pair of opposite' 
angles. If 0 were joined to B and D it could be shown in 
exactly the same way that the sum of the other pair of opposite 
angles ^ 

DAB 4- DGB = 180°. 

Thus, for example, if DAB = 50° then DGB = 180° - 50° = 
130°. 

Q 



6. The angles between a tangent to a circle and a chord drawn 
from the point of contact of the tangent are equal to the angles- 
in. the alternate segments of the circle. ’ 

Fig. 46 illustrates this theorem. XF is a tangent to the 
circle touching it at T. TP is a chord. From the above state- 

A 

ment XTP is equal to any angle drawn in the segment PQT 
(all such angles beiug equal as proved in a previous paragraph), 

A 

and also YTP is equal to any angle drawn in the segment 
P7T. ■ ■ ^ . 

In the figure the line TQ is a diameter, and it is .sufiacient 

to prove that XTP = PQT, since PQT equals any pther angle 
in this segment. 
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Now, since QT is a diameter, NTCl = 90° (since it is the 
angle between a tangent and a radius) and, also, ClPT » 90° 
(since it is the angle in a semicircle) 

XTP + PTQ s= 90° 
and PQT + PTQ *= 90°, 

which means that XTP « PQT, since the angle PTQ occurs 
in both equations. Again, YTP ~ 180°-X3’i’, but from 



the properties of a cyclic quadrilateral we can say, regarding 
the cycbc quadrilateral TVPQ, that 

TVP + PQT = 180° 
or Tfp=180°-P^. 

But PQT ^ XTP 

TVP^lZ(f-XTP 
= YTP. 

7. If tico chords of a circle intersect vnlhin the circle the product 
of the two sections of one of them is equal to the product of the 
itoo sections of the other. 

Keferring to Fig. 47, AB and CD are two intersecting chords 
of a circle of radius R and centre 0. 
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Then AM X MB = DM X MG. 


Proof. Join the centre 0 to A, M and D, and draw perpendiculars OT and 
OP from 0 on to the two chords. Let the lengths of these perpendiculars bo 
p and q, and let the length OM = x. 

Now AM — AT + TM 

and MB = TBItM. 


Since the perpendicular OT bisects the chord AB, AT = TB, and wo may 
write 

MB = AT-TM. 


Similarly 

and 

But 


DM DP + PM 
MO = OP -PM. 
CP = DP, 


MG ^ DP- PM. 



Hence 

and 


AM . MB = (AT + TM) (AT - TM) 
= AT^ - TM\ 

DM . MG = (DP + PM) (DP -PM) 
= DP^-PM^. 


Now, using Pythagoras’s Theorem, in triangle .(irO, AT’- = R’-p’, and in 


triangle MTO, TM’ = —p’, 



AT’-TM’ ^,R’-p’-(x’-p’) 



= R’-x’. 


Similarly 

DP’ = R’-q’ 


and 

PM’ = 


• 

DP’ - PM’ ^R’-q’- (x’ - q’) 



= R’-x’ 

= AT’-TM’. 


. But 

AT’-TM’ =AM.MB 

' 

and 

DP’ -PM’ =DM.MC 



AM . MB = DM . MC. 



It can also be proved that if the Wo chords do not intersect 
internally but do so externally if they are produced, there is 
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BtOl equality between tbe products of the sections. Thus in 
Fig. 48 AB and CD are two chords which, when produced, 
intersect at M external to the circle. 

It can be shown that, in this case also, . 

AM . MB « DM . MG. 


Further, each of these products can be proved e^ual to the 
square of the tangent, MQ, from M to the circle, so that we 
may write 


AM . MB = DM . MG = MQK 



Example. A diameter AB of a circle of radium 3 in. is pro- 
duced to a point C such that AC = 10 in. Calculate the length 
of the tangent drawn from C to the circle. 

Length AB = 6 in. since it is a diameter. Length AG = 
10 in. Therefore length BC = 4 in. 

Let X =5 length of the tangent from 0 to the circle. 

Then AC xCB^x^ 

or 10 X 4 = z- 

40 = ** 

6-32 = *. 

Length of the tangent is 6-32 in. 

The problem ia illustrated in. Fig. 49, and the above working 
can be checked in another way. The point of contact T of the 
tangent from 0 is joined to the centre 0. Then OT = 3 in. 
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and 00 is obviously 7 in. Again, the radius OT is at right 
angles to the tangent CT. Then from Pythagoras’s Theorem, 
0(72 OT^ + T02 
72 = 32 + TG ^ 

49 = 9 + TG^ 

40 = TO"- 

TO = = 6-32 in. 

which is the same result as before. 


BXAIIPLES xxm 

(1) Calculate the angle subtended at the circumference of a circle of radius 
2 in. by an arc of length 1-5 in. 

(2) In a circle of radius 5 cm. a triangle is drawn, its three comers lying on 
the circle. One of the sides is 10 cm. long and another is 6 cm. Calculate the 
length of the third side. 

(3) A quadrilateral ABCD is drawn in a circle of centre 0, the four comers 

lying on the circle. DAB — 60° and ABC= 80°. If the points A, B, C and D ^ 
are joined to the centre 0, calculate the larger angle DOB and the larger angle 
AOG. 

(4) A tangent is drawn to a circle at a point A and two chords AO and AJ5 
are drawn, these making angles of 60° and 110° respectively with the tangent. 
If the points B and C are joined calculate the angle BOA. 

(6) Two tangents PM and PN are drawn to a circle from an external 
point P. Prove that if M and N are joined, the chord MN is bisected by the 
line joining P to the centre of the circle. - ' 

(6) An open belt passes round two pulleys whose centres are 8 ft. apart. 
The distance between the point at which the belt leaves one pulley and the 
point at which it meets the other is 7 ft. 6 in. If the radius of the smaller 
pulley is 1 ft. calculate the radius of the larger pulley and the total length of 
the belt. 

(7) The centres of two pulleys, oi radii 7 in. and 2 in., are 13 in. apart. ' 
An open belt passes round the pxillo^. Calculate its length. 

(8) A crossed bolt passes round two pulleys whose centres are 13 in. apart. 
The distance between the point at which the bolt leaves one pulley and the 
point at which it meets the other is 12 in. If the rfidius of the smaller pulley 
is 2 in., calculate the radius of the larger pulley and the total length of the belt. 

(9) Tlie centres of two pulleys of radii 9 in. and 4 iti. are 17 in. apart. 

A crossed bolt passes round the pulleys. Calculate its length. 

(10) A circular disc of radius 2 ft. is suspended by twO strings AB and AG 
whore BG is a chord of the disc 10 in. long. If the lengths of the strings are 
both 15 in., calculate the depth of the centre of the disc below the point A. 

(11) The radius of a circle is 12 in. and the length of a chord AB is 8 in. If 
the tangents to the circle at A and B moot at T, calculate the length of TA. 

■ (12) Taking -a circular disc of radius 2 ft. suspended by equal strings 
attached at the ends of a chord of length 10 in., ns in Question 10, calculate 
the shortest lengths of the strings if they are to be straight. 

Equiangular and Similar Figures. We bare now to consider 
the very important properties of equiangular and similar tri- 
angles and -polygons. Space -will not permit -us ^to prove the 
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statements made, but the various properties of such figures 
should be thoroughly understood and remembered. 

Tico polygons are equiangular if they have the same number 
of sides and if the angles of one taken in order are equal respec- 
tively to the angles of the other taken in order. 

If, tn addition, all pairs of corresponding sides {i.e. sides 
adjacent to equal angles) of ttw eqniangxilar polygons have Ikt 
same ratio to one another, ViS polygons are said to be similar. 

It should be noted that there is an important difference 
between similar polygons and polygons which are only equi- 
angular. Thus, in Fig. 60 (a) the two quadrilaterals are similar 
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because, in addition to being equiangular {BAD B'A'D', 

ABC = A'B'C, etc.), if we take the ratios of corresponding 
sides we have 

AB BO CD ^ DA ~ 2* 

In Fig. 50 (6) the two quadrilaterals are equiangular but 
they are not similar, since 


is tb® same as" the ratio (for example), i.e. the 
ratios of corresponding sides are not all the same. 


In the case of triangles, however, if the triangles are equi- 
angular they are also aiimhir. 

Thus, in Fig, 51, ABC and A'B'C are equiangular (i.e. 
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CAE ^ O'A'B'] AGE = A'G'B'; CBA = C'5'^') and it there- 
fore follows, from the above statement, that they are similar 
— i.e. 

AB BG AO 
A'B' ~ B'C’ ~ A'C'‘ 
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Example. A useful application of the properties of similar 
triangles is the method of dividing a straight line into a given 
number of equal parts by a graphical construction. 

Referring to Fig. 62, suppose we wish to divide the line AB 
into three equal parts. We draw a line such as AX maldng any ‘ 



A M . N 5 


Fig. 62 

angle with AB, and mark off along it any three suitable &qwal 
lengths AC, CD and DE. Join E to B and draw DN and CM 
parallel to EB to meet AB in N and M. Thus AM, MN and 
NB are the three equal parts of the line AB. 

This follows from the fact that the three triangles AGM, 
ABN and AEB are equiangular, and therefore similar. 

Hence their corresponding sides are proportional, so that 
AG AM _ 1 

AD AN 2 
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^ AO Ail I • 

AB’^ AB~ 3’, 

Thra Ait:AN-.AB = l-.2:3. 

(The sign : denotes proporUoiiaUty.) 

It can also be shown far hath triangles and polygons that if 
two figures are sirnilar their areas are in (he same proportion as 
the squares of corresponding rides. 

Exasiple. An electric transmission line joins five towns 
and returns to the towrt from which it started. The towns and 
the line are shown on a map which is drawn to the scale of 
^ in. to the mile. If the area enclosed within the loop formed 
by thb line on the map is 53 sq. in. what is the actual area 
enclosed in square miles ? 

Let the ien^h of one side of the figure on the map he x in. 

This represents 2i miles. 

Then 

Actual area in eq. miles (2a?)* 4a:* 4 _ 

ilap area in sq. in. a;* a?* T ’ 

Actual area in square miles s 4 x 53 

= 212 . 

(Note that the above working docs not involve the number 
of sides which the figure has. The two Bimilar areas are propor- 
tional to the squares of corresponding sides, no matter how 
many sides there may bo.) 

Similar Solids. 

The volumes of similar solids are tn the same proportion as 
the cubes of their corresponding- linear dimensions. 

EXAMPLES XXIV 

(1) Proveihat the lengths of the r>erpendicula« diaTm to the hose* ol two 
eu^ar triangles from the opposite vertices proportional to corresponding 
sides ol the two triangles. 

(A'ote. A t'erUJi (fl. teriicu) is an angular point of a triangle.) 

(1) A tnangla of area A s^ in. ia davvted Into two past* hy a Una 
drawn parallel to one side, the distance bf this line Irom the side being hall 
ita distrace from the opposite vertex of the tnangle. Show that the triangular 
part 18 sunilar to the ongina] triangle and hence calculate the areas of the 
two parts in terms of the area A (Uae the information given in Example I for 
the calculation.) 

(3) Two poles, one twice as long as the other, are set up in a vertical plane 
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with their upper ends fastened together, and their lower ends are 40 ft. apart 
in a horizontal plane. A chain hangs down from the joining point of the poles 
and extends to the ground. Calculate the length of the chain and the distance 
of its lower end from each of the lower ends of the poles if the angle between 
the poles is 90°. 

(4) ihie coimty of Cheshire has an area of 1004 square miles. What area, 
in square inches, will it occupy on a map drawn to the scale of 10 miles to the 
inch !. 

(5) A lamp is placed at a distance of 10 in. from a metal sheet in which a 
circular hole, of diameter 2 in., is cut. What will be the area of a circle of 
light thrown on a screen which is placed on the opposite side of the metal 
sheet and parallel to it and at a distance of 4 ft. from the lamp ? 

(6) A man can just see the top of a mountain over the roof of a house 
which stands between him and the mountain. If he knows that the mountain 
is 430 times as high as the house, how far is he from the mountain if his distance 
from the house is 120 ft. ? 

(7) A man stands with his stick held beside him. The height of the man 
is 6 ft. 10 in. and the length of the stick is 2 ft. 11 in. If the man’s shadow 
is 8 ft. 2 in., how long is the shadow of the stick ? 

(8) The radii of two circles whose centres are 0 and O' are in the proportion 
3 : 2. From a point on the line through O O' a common tangent is drawn to 
the two circles. If the centres are 6 in. apart calculate the distance from 0 
of the point from which the common tangent is drawn. 

(9) A model of a yacht is on the scale of 4 in. to the foot. If the area of a 
sail of the model is 180 sq. in., what in sq. yd. is the area of the corresponding 
sail of the yacht ? 

(10) The model of a bridge is 16 in. long and its total surface area is 73 sq. in. 
If the actual bridge is ,200 ft. long, what in sq. ft. is its total surface area! 

V (11) An exact scale model ofas&p is ^th full size. What is the ratio of the 
weight of the model to that of the ship if the same materials are used for both 7 
(12) A triangle ABG is right-angled at A and AB = 5 in., AG = 12in. ; 
D is the foot of the perpendicular from A on to BG. Prove that the triangles 
ABO, DBA, DGA are equiangular and calculate the perpendicular distances 
of D from AB and AO. 


Surfaces and Volumes of Complex Solid Bodies 

We have already dealt with the calculation of the surface 
and volume of various simple solid bodies in Book I. We must 
now consider bodies of a rather more complex nature. 

Frustum of a Cone or' Pyramid. If the upper portion of a 
cone or pyramid is removed by cutting it by a plane parallel to 
the base, the remaining lower portion is called a frustum of 
the cone or pjTamid. This is illustrated in Fig. 53, in which 
a cone, whose base radius is R and whose perpendicular height 
is is divided into two parts by being cut through in a plane 
parallel to its base and at a height h above the base. Thus the 
frustum is of perpendicular height h and slant height s, and 
the radius of its upper surface is r. 

Now the triangles ABM and AON are obviously equiangular 
and, therefore, similar. 
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Hence 


or 


Thus 


AB r 
AQ~ R 
Il-k r 
H ^ R- 


-.R. 


Volume of Frustum. The volume of the frustum can bo 
found by treating it as the diflerenco in volume between that 
of the original cone, of height H, and that of tho cone of height 
H -h, which has been removed. 



Thus F = i ttR'H -in r*(H - 7*). 

Now r = 

from wluch II = 

jti — r 

If ^v•o substitute for H in tho original formula wo have 
Volume of frustum = \n - t- 

which, after simplification, gives 

Volume of frustum ^ h (71^ 4- -1- r'^). * 

• Tins enn aluo bo wnltcn ^ M + ^Aq + o), whom A and a aro the 
extromo crosa-soctional areas. This formula also npplioa to a frustum of a . 
cono iu vthicli the cross section » not circular. 



GEOMETRY AND MENSURATION 


105 


In working examples, however, it is perhaps better to work 
horn first principles rather than to rely on this formula, since 
the formula can easily be forgotten, while the method of 
calculation based on the difference in volume of two cones is 
quite Straightforward. 

Curved Surface of Frustum. In the same way, the curved 
surface of the fimstum is the difiference in cmved surface of 
two cones, one of height H and slant height S, and the other 
of height H ~li and slant height S-s. 

Thus C = ttRS -Ttr {S - s). 

Again, from similar triangles, 

S-s H-Ji r 
S ~ E ~ RI 

from which the curved surface can be shown to be 
= TT s {R + r). 

The volume and surface of the frustum of a pyramid can be 
found By methods similar to the above. 

Example. The perpendicular height of the frustum of' a 
pyramid is 4 in., its base and top being squares whose sides 
are 6 in. and 2 in. respectively. Calculate the volume and 
■ slant surface of the frustum. 

Treating the frustum as the lower portion of a pyramid of 
perpendicular height H we have, from similar triangles (see 
Pig. 64), 

H-4 H 
1 ~ 3 

from which 

ZH-12 = H 
or H = 6 

.’. Volume of frustum = ^ . d” , H - ^ . 2^ . {E - 4) 

= J . 62 . 6 - i . 22. 2 
= 69^ cub. in. 

Again, from Pythagoras’s Theorem, 

OA2 = OM- + MA^ 

= 62 + 32 = 45 
04 ^ V'45 6-7 in. 
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Now, from Bimilar triangles. 



OJ9 — i X 6-7 = 2-23in. 
Hence tho area of each slant side of the frustum 
^\.6.0A-\.2.0B 
= 20*1-2*3 
= 17*9 sq. in. 

*. Total slant surface = 4 X 17*9 
= 71*6 eq. in. 



Zone o! a Sphere. If two parallel planes cut through a sphere 
the portion of the sphere lying between them is called a zont 
of the sphere. 

Two such zones are shown in Fig. 56, the upper one being 
referred to as a spherical cap becaiKe the second intersecting 
plane in this case is tangential to the sphere. 

It can be shown that tho curved surface of n zone of a sphere 
is 2TTRh 

where R = radius of tho sphere 
h — height of the zone 

= distance between the two planes intersecting the 
sphere. 

In the same way, the curved Burfaco of tho spherical cap 
is 2ttRH, where E is its height. 

A special case of tho spherical cap is the hemisphere, when 
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E = R. From the above formula, therefore, the surface of a 
hemisphere is 2TrR . R — 2 ttR^, -which agrees -with the formula 
for the surface of a sphere — 

S=^4^R^ ■ . 

given in Book I. 

The volume of a spherical cap can be obtained from the 
formula for a sector of a sphere as sho-vra in Fig. 56. 




Now it can be sho-wn that the voliune of a sector of a sphere 

= I ttWH, 

■where H is the height of the spherical cap as before. 

The sector ob-viously consis-ts of a spherical cap, together 
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with a cone of perpendicular height R-H, whose base radius 
is r. The volume of this cone is Jw . r* . so that the 

volume of the spherical cap alone is 

From Pythagoras’s Theorem 


By substituting for r* from this equation, we obtain for the 
volume of a spherical cap 


Volume of cap = itH^ 



The volume of a zone which is not a spherical cap may be 
found by treating its volume as the (HSerence in volume 
between two spherical caps whose difference in height is the 
height of the zone in question. 

Exmifle. Calculate the curved surface and volume of the 
zone of a sphere of radius 5 in. which lies between two parallel 
planes whose distances from the centre of the sphere ore 1 in. 
and 2 in. respectively. 


The height of the zone is I in. 
Siirface of zone = 2frJlh 

S9 Sir . 5 . 1 
=! lOff 


= 31*42 sq. in. 

Volume of zone 

= Volume of a spherical cap of height 4 in. - Volume of 
a spherical cap of height 3 in. 

= 7r.42 (5-|)-7r.32 (6-|) 

= TT, IG. 3J-7T. 9. 4 
= 22|7r 

= 71*22 cub. in. 


EXAMPLES XXV ' 

(1) A metal bucket is 12 in. deep, the bottom beuig 8 m. diameter and 
the top 12 m. Wbat weight of water wiU the bucket hold if 1 cub. ft. of water 
weighs 62-3 lb. T Calculate also the area oC metal eheot which is required to 
moke the bucket. 

(2) A cone of perpendicular heifdit 12xn. and whose base diameter is 8 in. is 
divided into two parts by a cut parallel to the base end at a height of 7 in. 
above the base. Calculate the volomea of the two parte. 
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(3) The radii of the ends of a frustum of a cone are 1 in. and § in. and they 
are 3 in. apart. The smaller ends of two sueh frustums are fastened together 
to form a bobbin. Calculate its total surface area and its volume. 

(4) A tapering interplane strut of an aeroplane has a central portion 34 in. 
long with uniform oross-soctional area of 4-2 sq. in. The portion at each end 
is a frustum of a cone with extreme cross-sectional areas of 4-2 sq. in. and 
2-1 sq. in. which are 17 ^n. apart. Calculate the volume of the strut. 

(5) Two cones have the same vertex and axis and common height 6 cm. 
The base diameters are 4 cm. and 3 cm. The lower part is cut off by a plane 
parnllol to the base and 2 cm. from it to form a conical washer. Find its 
volume. 

(6) A stone column is 20 ft. high. The diameter of its circular hase is 3 ft. 
and tlao diameter of its £op is 2 ft. Calculate the weight of the column if the 
stone of which it is made weighs 148 lb. per cub. ft. 

. (7) The floor of an ornamental pool is in the form of a cap of a sphere 
whose radius is 30 ft. The depth of the pool at the centre is 3 ft. Calculate 
the number of cubic feet of water which it will hold and also the diameter of 
the pool at its surface. 

(8) A gas-holder is in the form of a cylinder with a spherical cap ns its top. 
The height of the cylindrical part is 40 ft. and its diameter is 50 ft. The top 
is the cap of a sphere whose radius is 60 ft. Calculate the height of the centre 
of the top above the base of the holder, and calculate also the number of cubio 
feet of gas which the gas-holder will contain. 

(9) The head of a carriage bolt consists of a spherical cap. The radius of 
the piano face is I -2 in. and the height of the cap is 0-3 in. Calculate the area 
of the spherical surface and the voliune. 

(10) A cylindrical hole of radius 5 cm. is drilled through a sphere of radius 
13 cm. The axis of the hole passes through the centre of the' sphere. Calculate 
the total surface area and the volume of the part remaining. 

(11) A dumb-bell is made up of a cylinder 4 in. long and 14 in. diameter 
and end pieces consisting of the major portions of spheres of diameters 24 in. 
and cut by planes to make sections equal to that of the cylinder. Find the 
overall length, the surface area and the volume of the dumb-bell. 

Surface, Volume, and Space Factor of Former-wound Coils. 

In electrical engineering work it is often necessary to be able 
to calculate the surface area, the volume, etc., of coils of wire 
whicli have been wound on a bobbin or former. A few examples 
of such calculations will now be given. 

Example 1 . Calculate the total surface area and volume 
of a coil of length 15 cm. wound on a cylindrical former of 
diameter 20 cm., the depth of the winding being 4 cm. 

The coil is shown in Fig. 57 (a), 

Tlie outer cylindrical surface 

= 2ttR1I (see Chapter VI, Book I). 

= 7r X 28 X 15 = 1320 sq. cm. 

Inner cylindrical surface 

= ttX 20 X 15 = 943 sq. cm, 
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Surface of each end 

5= the difference in area betiveen tiro circles of 
' diameters 28 and SO cm> 

= = 616-314 

4 4 • 

= 302 sq. cm. 

Total end surface = 604 sq. cm. 

Hence total surface of the coil 

= 1320 + 943 + 604 
— 2867 sq. cm. 




The volume is the difference in volume between two cylinders 
of diameters 28 cm. and 20 cm. respectively. 

/-TT X 28* /77 X 20S 

Volume = f — ^ — X I ~ ( — 4 — X J5 I 

, /ff X 28* X 20*\ 

= 4-j 

— 15 X end sur&co of coil 
= 15 X 302 
s= 4530 cub, cm. 
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Instead of a cylindrical former, formers whose cross-sections 
are rectangular, link-shaped, or eUiptical, as in Figs. 67 (6), 
• 57 (c), 57 (d), are sometimes used. The calculations of surface 
and volume may he carried out in a manner almost exactly 
similar to the above. 

If d is the length of the coil (not shown in the figrrces since 
these are plan views) and t the depth of winding in each case 
we have — 


Beciangular Former. 

Outside surface — 2 {a 2t) d 2(& -f 2t) d. 

Inner surface = 2 ad 2 bd. 

Each end surface = (a 2t) {b 2t) -a . b. 
Volume = Surface of one end X d. 

= [(o -f- 2t) (b -j- 2t) — ® . 6] d. 


Link-shaped Former. In this case the cross-section of the 
former is a rectangle of width a and breadth b having a semi- 
circle (radius a/2) at each end. 


Outside surface 


= 2 b . d -{“ 2it 



.d. 


Inner sirnface 


— 2b . d “f" 27r'2 . d. 


Each end surface = b{a 2t) tt 


+ .a +7: 



— <[26 -}- w (a 4- ^)] when simplified. 


Volume' = surface of one end X d 
= <d[26 -f- IT (a <)]. 

Elliptical Former. The length of the periphery of an ellipse 
is approximately 2^62-1- l'4:674a2 
where 6 = length of major axis 

a = length of minor axis 

(see the inner ellipse of Fig. 67 (d) ). 

Thus, 

Outside surface = { 2V(6 -f 2tf + 1-4674 (c + 2<)2U. 
Inner surface — 1 2'\/6“ -f 1‘4674 a^\d. 
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Each end surface is the difference in area between two 
ellipses. Since the area of an cllip.so is ^ X major axis x 
minor axis wo can write— 

Each end surface = ^[(6 + 2/) (a + 2;)] “ J 


= 5[(6 + 20(a + 2/)-ti6]. 
Volume = d X area of each end surface 

nd 

-—[(6 + 20 ( 0 + 20 - 


Spate Eoclor. Pig. 6S (a) shows some of the individual 
wires of a coil, the total cross-section of the winding apace 
being a rectangle of dimensions a by 6. The diameter of the 
bar* wire is d and, wimn insulated, eatb witu has an overall 
diameter of D, 

Now with the ** square” or “open” piling shown in the figure 
(each wire standing irarocdiatcly above the under wires) the 

number of wires per layer is obviously jr and the number of 
. a 
layers -jz. 


Hence, the total number of wires which can bo placed in this 
... .6 <1 « . 6 
winding space 25 ^ 5 “ ~D^ ' 

The space-factor of the winding Is tho ratio of the space 
occupied by tho bare wires to tlio total space. 

In this case tho cross-scction of each wire without insulation 
. Trd” , Trd^ 

IS so that tho total space occupied by metal = -j- X 

, . . 7Td‘ a . 6 

number of wires — — r- X -nv- 
4 V- 


Thus tho spacc-fnctor is 

ird^ a . b 
i ^ W mP 

a . 6 4Z)®’ 


The distance m between the centres of wires in adjacent 
layers is obviously equal to D in this case. Pig. 68 (c) shows 
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an arrangement in which an upper wire “beds” between two 
lowen wires. In this case the distance between layers is 
and from Fig. 58 [d) it can he seen that 

mi — D sin 60° 

= 0-866 D. 

Hence, with this “bedded” winding the number of layers 




(C) (d) 

Pig. 68 


will be 
above. 


o-slei) ’ 


open winding mentioned 


Volmnes ni Bodies whose Cross-sections axe Irregiilar. In 
Book I we considered the volumes of bodies whose cross-sections 
were uniform, and of certain other bodies, such as cones and 
pyramids, for which the cross-section varied along the axis in 
some imiform and known manner. We now have to consider the 
determination of the volume of a body, such as a tree-trunlc, 
whose cross-section varies in an irregrdar way as we move 
along the axis. 

A graphical method has to be used in this case. Perhaps the 
best way to make the method clear is by an example. 
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EiAitPLE. Determine the volume of a tree-trunk whose ’axis 
is straight and whose cross-section varies along the axis as 
shown by the following figures— 


Dist&ncfl along the szia ^ 
feet) . . . . 

0 

2 

4 i 

6 

S 

10 

12 

Ctoas-section (m square 
feet) . . . , 

IM 

11-8 

109 1 

1 

LM| 

10-4 

1 

10-0 1 

91 


A graph is first plotted from these figures as shown in Fig. 69, 


the points being joined by a smooth curve. 



Now if we consider any area under this graph, such as the 
shaded rectangle a x 1), we see that the area of this rectangle, 
to scale, represents a volume in cubic feet. 

Thus if, on the vertical scale of cross-section, 1 in. = m sq. ft., 
and on the horizontal scale of length along the axis 1 in. 
represents n ft., then the sideti of the rectangle-^ in. and a in. — 
represent bm sq. ft. and an ft. respectively. Hence the area 
ab, when multiplied hymxn, represents abmn cub. ft. 

It follows, therefore, that the total area under the graph, 
when multiplied by mn, givc;s the volume of the tree-trunk. 

In the figure the area under the graph is 3-7 sq. in., and, also, 
ia 8*15 and n = 4-00 so that the volume of the tree-trunk is 
3-7 X S-15 X 4 06 
= 12?'5 cub. ft. 
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t 

Determination oJ the Area under a Graph and its Mean 
Height — ^Mid-ordinate Method. In the, above example we 
stated that the area under the graph was 3-7 sq. in. This area 
could be obtained by counting squares on the graph paper as 
explained in Book I, page 143. 

The mid-ordinate method provides a quicker means of carrying 
out such a determination than that of counting squares. 

In Kg. 60 an irregular curve is shown. The area under it 
is to be determined. The base length L of the curve is divided 
into a number {n) of equal parts. The larger the number of 
parts the more accurate will be the determination. At the 



mid-point of each of these parts an ordinate is set up as shown 
dotted. These are -the mid-ordinates. 

The mid-ordinates are measured, and their lengths are added 
together. Their Sum is thus 

+ ys + • • • • 

This sum, when divided by the number of parts n into which 
the base is divided (i.e. the number of mid-ordinates), gives the 
average, or mean, Jieight of the graph. 

Thus 

Mean height of graph = . ^ 

The area under the graph is obviously 
Mean height x base = x £. 



116 ELEMENTARY PRACTICAL MATHEMATIC^ 

Other methods of determining the areas under. graphs and 
the areas of irregular figures will bo disextssed in Book m. 

ESAMPl-tS XXVI* 

(1) A field coil is to be wound to fit on » polo of an electric generator. The 
section of the pole is Toctongalar and its dimeoBioas ore 32 cm. x 2S cm. The 
length of tho coil ts 13 cm. and the depth of wmdiog ta 4 cm. Calculate its 
surface area and its volume. 

(2) Calculate the surface area and volume of a field coil to fit on a pole of 
circular cross-section, 25 cm. diameter, the depth of winding being 4 cm. and 
the length of the coil 20 cm. 

(3) A coil IS to be wound with circular wire of diameter 0-12 cm., the insula* 
tion thickness being 0 OiG cm. The winding space is a rectangle 8 cm. wide 
and 3 cm. deep. If a square, or open, piling is used, calculate the number of 
turns wluch can be wound on the coil and. also, the space factor. 

(4) Determine the volume of a body whose cross-section varies along its 
axis as indicated by the following figuKS — 


Distance along axis (in-) 

.( 0 

1 

2 1 

3 

4 

5 6 

Cross-section (sq. is.) 

. 1-7 


2-9 , 

2-6 1 

2-3 

3'1 1 34 


(Determine the area under tho graph both by counting squares s.Rd by (he 
mid-ordinato rule.) 

(S) The width of a field vanes along its length as indicated hy the following 
figures — 


Length (yards) . 

0 

20 

40 1 

60 1 

SO |ioo, 

120 1 140 

Width (yards) . . .j 

66 

62 1 

’* 

69 

71 77 

82 86 


Using the nud-ordinate rule doternuno tbe average width of the field and 
Its area. 


(6) The speed of a motor-car varies with time as foUows — 


Time (seconds) 

0 


4 

6 : 

8 

10 i 

12 i 

14 i 

16 

Speed (ft. per sec.) 

1 ® 

13 

23 

35 1 

60 , 

65 1 

53 i 

42 1 

33 


Using tho mid-ordinato method detemuno the averogo speed daring the 
16 sec and also the distance gone in the time. 

(Note. Area under the graph (to scale) «= Feet pet second X Seconds = 
Feet.) 

(Additional elementary examples on the work of this chapter will be found 
on poge i ts.} 

EXAMPLES XXVH 

(1) A beam runs horizontally across a semicircular arch whose diameter is 
30 ft. Calculate the length of the beam if it is 1 1 ft. above the base of the arch. 

(2) A policy of radius 9 ui. is fixed with its plane vertical and its centre 
2 ft. below n horizontal beam. From a point A in this beam, at a distance of 
1 ft. 6 in. from the vertical line through the centre of the pulley, a rope passes 




GEOMETRY AND MENSURATION 117 

round tlio pulley. Calculate the distance ot the point A from the point at 
which the rope firet makes contact rrith the rim of the pulley. 

(3) Two circles -whose radii are 5 in. and 3 in. respectively intersect, and 
the length of the common chord is 4 in. Hotr far apart are their centres 7 

(4) If the t-wo circles mentioned in Example (3) are actually t-wo very thin 
discs placed, as stated, on a sheet of paper, calculate the area covered by them 
when in this position. 

(6) A chord AB, of length 3 in., is drawn in a circle whose radius is 2 J in. 
If the ends of this chord are joined to a point P on the major arc of the circle, 
calculate the angle APB. 

(6) Two chords PA and PB of a circle lie on opposite sides of the radius 
OP. Angle OP A = 30° and angle OPB = 20°. If the points A and B are 
joined cdoulate the angles PAB and PBA. 

[Note. Draw a tangent to the circle at P.) 

(7) In a circle’of radius 3 in. a chord AB is drawn. This chord is produced 
to a point P such that AP = 8 in. If the distance BP — 4 in. calculate the 
distance of P from the centre of the circle. 

(8) By a graphical construction di-vide a line of length 5 in. into 7 equal parts. 

(9) A man makes a rough measurement of the lengths of the sides of a field. 
If all his measurements of length are 5 per cent too big what percentage error 
in the area of the field -will he make if he calculates it from these measurements ? 

(It may be assumed that the measurements ol the angles are correct.) 

(10) In what ratio must the sides of a polygon be reduced if its shape is 
to bo maintained the same while its area is reduced to f of its original area 7 

(11) The vertex, O, of a pyramid of wood is 24 in. vertically above the 
centre, K, of its base, which is a square of side 14 in. in a horizontal plane. 
Find- 

(a) The volume of the pyramid ; 

(b) Tile total surface area, including base ; 

(c) The volume remaining when the top portion is removed by a saw-out 

parallel to the base and bisecting OK. (E.M.E.U.) 

(12) An open belt passes round two pulleys of diameter 3 ft. and 1 ft.^ 

respectively. If the centres of the pulleys are 4 ft. apart find the total length' 
of the belt. ' (U.E.I.) 

(13) A map is drawn to the scale of 6 in. to the mile. Express in acres the 
area represented on the map by a square of 2 in. side. 

Given 640 acres = 1 sq. mile. What is the side of a square on the map 
whose area represents 90 acres 7 (U.E.I.) 

(14) A steel pin is to be driven into a hole whose cross-section is the major 
segment of a circle of diameter 1 in. bounded by a chord of length 0-6 in. 
To make tlie pin, a 2-in. length of steel rod 1 in. in diameter was cut off, and 
a "flat" ground on it. Find the volume of metal removed by grinding. 

' (U.L.O.I.) 

(15) The following table gives related values of the flux density B and the 
magnetizing force S. Thvo sets of values of AT are given, one set for E increasing 
file other for H decreasing. 


s 

0 

1,000 

3,000 

6,000 

7,000 

S ,500 

9,600 1 

1 

10.000 

10,500 

lo.sooj 11,000 

1 

^IpcreasinR 

1"7 

la 

n 

2-5 

3-3 

■H 

M 

6-6 

0-2 

1 

C -6 6-8 

** uecrcaalng 

- 2-1 

■ 

m 

-1-4 

-o-o 

0 I 

n 

2*2 

3-7 

5 6-8 


Plot the curve connecting B and H for the above range of values, and deter- 
nimo the area enclosed by the curve and the axis of H. Express your answer 
'0 sq. in. 

[Eote. Use the following scales : B, 1 in, = 2000 units ; E, 1 in. = 2 
«n>t8.) (V.L.C.Z.) 

5-lT.ia) 
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fA'.C.) 


(1?) KsprcM III torm^ uf L, D and d (i) tlio toltimo. (ii) the total cnnod 
snrfaco area (i o tho area of l)i« iiiaido nnd oiitaido Burfni^os, but not of tlio 
ends) of n cylindrical pipo whoso IoiirUi » 4 ft : oxtoritnl diomotor = I) in. ; 
internal xluiTnoter ^ dia. What will ho tlio ofTvet of halving tho values of 
D and d on ()} tho vulumo, (n) the area of tho curved snrfacci of tho pipo ' 

(N.O.) 

(IS) Tho epood of a train after leaving a station was — 


Time, two. 

16 

30 

45 

CO 1 

75 1 

00 

8p«od (ui triilvs per hour) ■ 

6 

12 ' 

1 

30 ' 

1 

40 

65 ' 

' 1 

65 


i’lot tho spood V tn /tel per tecond ogoiiist tho time < see 
Diviilo the time into intervals H. eatli l& nee. Mark nn the gra}ih the 
product of V ■)< for each interval. Write the usual oNprfMion for thn iuiQ‘of 
tlio products, and find us mimcncul value What does tho answer mean in 
rotation tu tho tram 7 {H M.H.V.) 

(10) Jlstablish nn oxpreasion for tlio area of a segment of a circle if the 
riulius of the circle ta r and llui angle auhtonded at the centre te 0. 

OulcalAte tho cross-soctional area of the steam space of a Lancoalnre boiler 
8 ft. in diameter if tho water le%el« 6 ft from tho hotlom. (ff.K.X.) 

(t’U) The side of a trough in m the sluipe of a trnpoziuin AliOO. is thu 
lowest (orncr, tho boltom edge Ali is iiichnod at lb' to tho honiontul, tho 
edges A D and liC aro vcrticnl, and the top DV ib horuontal. If DC7 » -0 ft.. 
y;C’« 1 ft , find tho length of ylff and the otvnof.44C/> {N.O.) 

(Ill) Throe c<]ual ctci.uhvr discH. each of diameter 3 m , uro placed on a ([at 
table so that each disc Unichrs the other two. Calculate tho area of the tin* 
cuM'TOil jsari of the surface of Uio table vnilosed by tho disca (N.C.) 



^ CHAPTER V 

ALGEBRAIC GRAPHS 

We have ah'eady discussed in Chapter VII, Book I, the equa- 
tions v'liich lead to straight-line graphs. We also gave the 
fundamental equations of the circle and of the parabola. As 
these properliies are of the greatest importance we give a 
summary of the results in tabular form and some further 
exercises on them. The student must fully master these, 
rcfon'ing back where necessary before he proceeds to the new 
work. 

1. The equation of the first degree gives a straight-line 
graph. 

2. The line rr = a, where a is a number, is a fine parallel 
to the y axis YOY ' ; the line y ~ b, Avhere 6 is a number, is a 
line parallel to the x axis XOX' . 

3. If the equation of the first degi’ce is arranged in the form 
y = tnx + c, m is the increase of y per unit increase of x. It 
is called the slope of the lim. 

4. The equation of the straight line through the point whose 
co-ordinates are (.a'l, yf\ and whose slope is m is 

y-yi = m{x-xf). 

5. The distance betwcor two points (a-j, t/i) (Xn, yfj is 

VI (•'Co - -Ti)- + (Z/2 - . 

0. The equation of the circle radius r and centre (.aq, y^) 
is {X - xf)" H- (y - yiY = r~. 

7. The equation a- -h -f- 2gx -j- 2/y -[- c = 0 (coefficients 
of and y- are uuitj’^ and there is no xy term) represents a 
circle. It can be written (a g)- -f- (y + /)“ ~ g^ f~ - c, 
‘ so that the centre has co-ordinates (- g, -/) and the radius is 
V|{7“ -rp-o]- ^ 

Eor the properties 5, 6, and 7 the scales for x and y must be 
equal; in questions dealing with these properties it will be 
assumed that they are equal without further mention of the 
point: thej'’ are not time if the scales are unequal. 

S. The relation y = x- gives the fundamental equation of 
the parabola. The graph has the shape of a U which touches 
the X axis at the origin. 


119 
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EXAMPLES XXVIII 


<l) CakulatA the equations a( the lines 
(i) through (3> 7] with slope S, 

(u) through (- 3, 4) with elope 1. 

(ui) through (2, ~i) with slope —3, 

(iv) through (- 2, — 1) with slope 
(2) Write down the elopes of the lines 

(0 y « 2a! - 7. (li) 2y =. x + 5. 

(lij) y + 3x = 4, (ivj 2x 4- By + 0 = 0. 


(3) Calculate the slopes of the lines joining tho points 

(i) (8,6) (9.8). (n) (-3.4) (5.7). 

(lu) (- S. - 4) (0. 0). (IF) (3. - 4) (6. 0). 

and hence the equations of the lines. 

(4) Calculate the slopes of the lines joining tho points 

(0 (5.3) (2. 7) (li) (-3. 6) (1.4). 

(lu) (-2. 1) (0.0). (iv) (3. - 4) .(2. 0). 

and hence find tho equations of the lines. 


(5) Find the distances between the pairs of points 
<i) (C. 3) and (9, 7), 

(d) (3. -2) and (8. 10). 

(ui) (IC. 4) and (- 8. - 3). 

(8) Obtain tho equation of the circle whoso cctilro is (3. - 2) and which 
passes through tho point (6. 10) 


(7) Obtaia tho co^ordisatos of t)i« centres and the radu of the cuelea 

(0 ** + y* + 4jf- Cy-3 0. (li) 4x» + 4y*- 12x- lOy - 27. 

(8) Find tho equation of the riiclo wlioso centre a the point (4. 3) and 
whoso rarhus is 7. 

(0) Write down tho eo-onJinaloi of tho contro of tlin circle of riidnu 3 
which lies in the first quadrant and which touches the x axis at tho point (&, 0). 

(10) Find the co>ordinat«s of the contro of tiio circle of radius S which )ius 
in tlio first quadrant an<l which cuts tho x axis at tho points (3. 0) and (9. 0). 

(11) Find tho equation of tho circlo of radius 7 lying in the third quadrant 
which toucJies both tho z and y oxes. 

{12} Find tho equations of tho two circles which pass through the point 
(8, 1 ) and which toucli both the x and y axes. 


The Parabola, y = ax* + 6x + c. Wo have seen already 
that tho graph of = x* is of the form of a U : the graph 
of y s= ax* -j- ix -|- c is of a similar general form but dis' 
placed and, possibly, inverted. In y = x® tho lowest point of 
tho loop is at tho origin (0, 0) and is called the vertex, and 
tho lino X = 0 tlirough it w called the axis ; any two values 
of z numerically equal but of opposite sign (-f- 2 and - 2, for 
example) give the same value for y, or, in other words, tho curve 
is syrtimcirical about the axis. Where we aro.plotting the more 
general parabola wo always start by calculating the co-ordinates 
of tho vertex since — 

(1) Tho position of the vertex gives us a general idea of tho 
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position of the curve — if the vertex were at (20, 4), for example, 
it would be useless to start by calculating the values of y 
for ® = 1, 2 or 3,- as these values will be beyond the range of 
probable interest. 

(2) Without exact Icnowledge of the position of the vertex 

we cannot “round off” the curve with any certainty when 
sketching in. - ' 

(3) The property of symmetry about the axis gives an 
immediate check on accuracy; thus, for example, if the vertex 
is at (20, 4) and we have calculated the values of y for x = 11 
and a: = 23 to be 10 and 12 respectively, we know at once 


. X 


Fio. 61 

y 

that a slip has been made, since these values of y should be 
equal. 

Example 1 . Plot the graph of y = 2x^ + 4x + 5 (see Fig. 61 ). 
We first find the vertex thus 

y — 2x- + 4a; + 5 
2 (.r2 + 2a;),+ 5 
= 2 (.r 2 a- 2a: + 1) -f 5-2- 

(Comploting the square wtliin the bracket by adding 1, and taking away 
2x1 = 2 outside the bracket to leave the right-hand side unchanged.) 

y-3 = 2(a:+ 1)==. 

For the parabola y ~ x~ we know that the vertex is given 



or 
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by a: = 0 .and y — 0 ; comparing our now equ.ation with 
y = a:- n e seo, therefore, that tho vertex is given by 
x-fl=Oora; = -l 
and y-3=0 ory=3, 

or the vertex is tho point (- 1, 3). 

The effect of tiie multiplier 2 is to make the loop sharper than 
in a 8t.andard curve drawn to tho same scale. We now make 
a table of values ; as the x of the vertex is - I it will bo reason- 
able to calculate the y’s from - 4 to 2. We set the calculation 
out in tabular form. 


. j 

-4 

1 

-3 1 

-2 

-*! 

0 

1 

1 

1 ' 

2 

2*» 

32 1 

18 

8 

* i 

0 

! ^ 

s 


1 -16 1 

- 12 

-8 

-4 ' 

0 

1 4 

8 

+ 3 

' ° 

6 

6 

6 1 

6 


B 

U 


11 

S 

3 

& 

11 

21 


(xVon. Th« table tscoQStruetodbfCoIomns; thus, taloog the coluninheadecl 
by ' 3. » 2 3)< « 18, 4r - 4 (• 3) « - 12, 5 -> 5 and, adding, y « 11, 

Tlia calcuUtioas ahould always b« act out m tabular form.) 

Wo now plot the points from the table, but in an attempt 
to sketch the graph from these points wo shall find it a little 
difficult to determine the curve near the vertex. We therefore 
calculate the y’s for the additional pairs of points » = - ^ 
or - 1 J and x = ^ or - 2J. Tho student uill notice tliat in tho 
calculation for additional poitifs we have used the property 
of symmetry about tlio axis (x s= - 1), using, in our calculation 
of y, the more convenient value of x in a pair, since tho value 
of ij is tho same for both. Any slip in calculation will now bo 
shorni on plotting by a point definitely off tho general run of 
tho curve. 


X 

'i 

-11 

1 

1 

1 

-21 

+ 4r : 
+ 5 : 

J 

a 


1 ; 

6 1 


y 1 

31 

31 1 

■'» 

71 
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EXAMBI.E 3. Plot • tlie gi-aph of 7?/ = 2 + 13x- - 3x~ from 
a; == - 1 .to .T = 5 (SCO Pig. 62). 

ly = 2 + 12 * - 3*2 
= -3 (*2-4.*) +/2 
= -3 (*2-4* + 4) + 2 4- 12, 
or 7y-i4 = -3 (*-2)2 

y-2 =-#(*- 2 ) 2 . 



TJie vertex is therefore the point (2, 2) ; the effect of the # 
is to make the loop wider and that of the inimis sign is to 
invert it. 


' ) 

X t 

/ 

-‘i 

1 

0 j 

i ^ 

2 j 

i 1 

1 

1 3 1 

1 ; 

4 

1 ^ 

2 

' 2 

2 

2 

o 

2 

2 

2 

12x 

- J2 

0 

12 

24 

36 

48 

60 

-3x= 

- 3 

0 1 

1 

- 3 

-12 

-27 

-48 

-7.5 

nddinc. 7v 

-13 i 

o 

11 

M 

11 

^ J 
" 1 

-13 

V 

- 1? 

? 

It 

O 

If 


- 10 


Plotiing, we shall find it advisable to obtain y at the “half” 
poinls: it will be sufficient to calculate it for * = - 4, i, 1|-, 
and the others follow by symmetry. 
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' 

1 -* 

1 i . ij 

<» 1 

0 



1 

-6 

6 

18 

-Si* 1 

- i 

- i 

- oi 

1 

-4f 
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y * 

- « 



and, by aymmetry * 


31 

21 

y 

- it 

lA , 

111 


X 



Fw. 63 

Exasiple 3. Plot 2y = ^ - 4x r- 2 from x = 
(see Fig. 63). 

2i/ = 34r - 43 : - 2 

= 3(x‘-ix + i)-2~i. 
or 21/ + y = 3 (I - f)’ 

3 + S =3(i-5)‘. 

ftnd tlio vertex is tho point (f, - f). 
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1 

p; i 

1 

1 -2 

-1 , 

! 0 , 
1 

1 1 

2 

! 3 

3x2 

12 

1 

3 1 

0 1 

3 

12 

27 

-Ax 

8 

1 4 i 

0 i 

-4 ' 

- 8 ! 

- 12 

— 2 

- 2 ' 

‘ - 2 1 

- 2 1 

^ '1 

- 2 1 

— 2 

adding, 2y 

IS 

5 

-2 "i 

-3 

t> I 

13 

V 

9 

21 

- 1 1 

i 

-U ! 

1 

1 i 

1 


For additional points the values for x 
) found sufficient. 

= - ^ and X 


X ' 

i 

li 

3x» 

. i 

6i 

- 4x 

2 

-6 

-2 

-2 

-2 

2y 

} 

-u 

y 


-* 


will 


In Examples 2 and 3 the graphs cut the x axis XOX', and 
the values of the x co-ordinates at these points are those for 
wliich y is zero; thus — , 

In Example 2, y = Q when a: = 4'16 and when a: == - -16, 
or the roots of the equation 3x^-12x~2 = 0 are 4-16 and 
- "16 approximately. 

In Example 3, y = 0 when x = 1-72 and when x = - -39, or 
the roots of the equation 3a:" - 4.a: - 2 — 0 arc 1*72 and - -39 
app^oximatel3^ 

We gave in Book I a method by w'hich the roots of a 
quadratic equation can be foxmd by finding the intersections 
of the standard parabola y — x^ with a straight line (in these 
cases the lines would be 3y = 12a: 2 and 3y = 4x -f 2). The 

method now given is more accurate, but suffers the disadvantage 
that a new curved graph has to be dra-wn for each equation. 

If the grapli touches the axis XOX' the roots are equal ; if 
(as in Example 1) the graph neither cuts the axis, nor touclxes 
it, then the equation has no roots in the ordinary meaning. 
In such a case a solution by formula leads to the square 
root of a negcvtive quantity which has no real meaning, and 
the equation is said to have imaginary roots. (Thus from 
Example 1, if 2x“ 4x 5 = 0, we have by the formula 
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X = { ± \/{ir)- 40)|/i = 1-4 ± V- 20|/4; \\o cannot 

evaluate v~ but | - 4 + t/- 26|/4 and | - 4 - 2G|/t arc 

called the imaginary roots of tho equation.) 

EXAMPLES XXIX 

In Questions 1 to 4 draw tho graphs of the given oqusttons 

(1) y = z’-6ar + 8 from x » 0 to x = fl. 

{2) y •= X* - 2x -i- 3 troin » = - 1 to * ■= 4. 

(3) 4y «= 4r’ + 4x + 5 from* = - 3 to* = 3. 

(4) 4t/ = 3 - 4* - from* =» - 3 to* = 3. 

(5) Solve graphically the oquatioo lir' - 3* - 3 = 0. 

(0) Solve graphically the equations 2y = 3** + Rr+2, !lr-y + 2»=0. 

(7) Solve graphically the equations y = 2** + 3* + 4. * + 2y = 9. 

(8) Sol\o grapliKiillj the equations y = .I + 2x-**, 2y = * - 2. 

(9) Soha graphically tho equations y = I + 4* - 4*’, * + 2y =s 1. 

(101 Solve graphically the equations y = — **-4*-l,yB= 1 + «. 

The Rectangular Hyperbola (x - «)(>'- *)'*» c. In the c.-iso 
of the parabolas given in the pi^eding section we saw that 
the general shape followed that of ono standard graph. The 
same applies to tho group of graphs given by equations 
(a: -a) (y-6) =5 c, and wo sliall take in detail the graph of 
zy ^ 1 and then consider tlie displacements and distortions 
caused by tho constants a, 6 and c. These considerations in no 
way remove the necessity for calculations in a numerical case, 
but, exactly as in tho parabola, some knowledge of tie general 
run of tho graph is of considerable help in tho choice of con- 
venient numbers for calculation and in the dra\ving of a smooth 
curve through the points. 

xy = 1 (gee Fig. 64). Graphing y = 'wo first form a table 

of values for r/ for a series of values of x. 

- ! ‘ i ‘ I * i ■ I = i ° j ‘ 



1 -*! 

-i j - 1 1 -1 

j -2 j -3 i -4 

V 

1 -4 ' 

I 

-3 ! -5 j -1 

1 -! 1 -i ] -1 


We plot these points on squared paper, and find it advisable 
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to form an additional tabic in order to eiiBure the accuracy of 
our curve — 


X 

f 

1 

y i 

S 1 ■} 


with similar negative values. 

We' notice the curve consists of two parts lying entirely in 
the first and third quadrants. K we were to take very large 
values of x (positive or negative) the corresponding values of 



y arc very small and the curve would approach very closely to 
the X axis ; if we were to take very small values of x the values 
of y would he very large, and the curve would approach very 
closely to the y axis. The lines, in tliis case y — 0 and a: == 0, 
wliich the graph gradually approaches are called the asymptotes. 

Note. We have tabulated values for x from a: = 4 to a: = - 4, and, loosely, 
we say that wo have drawn tho graph from a; = 4to* = -4. The phrase is 
convenient but it is not strictly correct, os wo must, of necessity, omit the 
section in which x is small. 

AVe will now consider by means of examples some simple 
developments from the graph of aty = 1. 

Exasiplk 1. a:y + 4 = 0, or cry = - 4. 

The effect of the 4 is to increase the size of the curve (i.e. 
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for any value of z or.y it is further from the asymptotes y = 0 
or a: = 0 respectively; descriptively we might say ‘'it is not 
80 far in the comer If we give x anypositivo value the sign 
of y is negative and vice versa \ the effect of the minus sign in 
- 4 in the second form of the equation is to throw the curve 
into the second and fourth quadmnts. 

Example 2. {x + 2) (y- l) = 2. 

Comparing with zy = 1, the line z -f 2 = 0 clearly takes 
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Plotting the points from the table it wiU be found advisable 
to obtain the additional points 



-3i 

-2i 

-i 

y 

-1 

-3 

2J 


and we can now sketch the curve which is given in Pig. 65. 
Example 3. (a: - 2) (?/ + 2) + 1 = 0, or {x-2){y -{■ 2) = - 1. 



The asymptotes are x~ 2 = 0 and y -}- 2 = 0 ; the minus 
sign in the second form of the equation tlirows the graph into 
the displaced second and fourth quadrants. Expressing y in 

terms of x we have y = - 2- ; in tabulating values of 

y against x, we avoid a; = 2, which makes y infinite, and take 
a series of values on each side of it. 


X 

\ ' 

-1 

0 

1 

3 

4 

5 . 

y 

-n 

-H 

-1 

B 

B 
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On plotting these points additional values will be found 
advisable — 


* 

* 1 

1} 

n \ 

H 

y 

-.1 1 

0 

-4 , 

-2J 


and we can non sketch the graph as given in Fig. GG. 

The graphs of the most general quadratic relation between 
X and y, whiclj involves squared fenns, arc bej’ond the scope 
of this book, but wo will illustrate two types which are of some 
practical importance by means of examples. 

ExaiiIPLe 4. 4x- ~ Sxy + 9y* = 9. 

Plotting y against x we first calculate values — 



9 « 0 I 

y 

0 

- 9 «. 0 

1 or - I 

1 ■ 

0y‘ - 4,v - 8 = 0 

M9or--?5 


9y‘ - 8y - 5 - 0 

1-31 or- 42 

U ■ 

Oy'- « 0 

Oorli 


ICv + T - 0 

1 or| 


V-29y + It. =. 0 

no root* 


.X 

, + 4t‘ - 9 « 0 

y 

- i 

0y« + 4v-« ** 0 

-1-IOot 1 -TS 

- 1 


- 1 31 or -42 

-u 

fy’ + I2y = 0 

Oor-li 


Oy* + IGy + 7 = 0 

- 1 or-} 

-•■ii 

9y> + 20y + 10 = 0 

no roots 


The change of sign in the value of x (in the second column 
of values) clianges the sign of yin the quadratic equation, and 
the roots can be uTitten down from those in the first column, 
without tlio labour of calculation, merely by changes of sign: 
this holds when x and y enter in the equation in x®, xy, and 
y- terms only. 

Tixo curve can now be drawn from the values obtained; it 
is the oval (a) in Fig. 67, and is knoum as an ellipse. Wc have 
already given in Book I, page 119 and Fig. 31, an example of 
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an ellipse ; the student will recall that OB (half the major axis) 
was of length a and that OC (half the minor axis) Avas of length 
b. Taking OB and 00 as OX and OY the corresponding 
cquatioji is b-x- + 

3 

EXiUiPnK 0. 2y — 3x + 

The equation can be AA'ritten x {2ij - 3x) — f ; comparmg this 
form Avith xy — 1, the graph is a hyperbola AA'ith asymptotes 



a: = 0 and 2y - 3.x — 0. It is, hoAvever, not a rectangular 
hyperbola, as the Avord rectangular is restricted to the case Avhen 
the asymptotes are at right angles. 

Wo form the table of values 


X 


1 


2 

1 

y 

u 

H 


3rL' 


We notice tliat a change of sign of x merelj^ changes the 
sign of y and, on plotting tlie points, find tliat Avith the 
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additional value a; = y — Ij we have enough to sketch 
the curve uliicli is given by the iiw) parts (6) in Fig. 67. 


Note l. The dra^ncg of the eayraptoto ta sot &n essential part of the plottiag : 
it is only done as a matter of convenience. 


Hott S. In both Examples 4 and 5 one set of values can be obtained from 
another merely by changing signs, and the curve is then centred on the origin. 
The student must not assume that this is alirays the case Thus, making sLght 
alterations in the examples, it does not hold for 4x* — Bry + 0^* -f * ” 9 or 


2y t= 3* + ^ — It IS, in fact, the exception, but where it does occur 

advantage shoold be taken of it to avoid unnecessary labour. 


NotaKon. There is considerable variety in the wording 
used in questions on graphs, and in order that the student 
may bo familiar with the common forms, variations have been 
introduced into the sets of examples; thus, instead of saying 


3 *’ 

"draw the graph of 2y =* 3a: + ~ we might say “draw the 
3 ” ^ 

curve 2jis=3x+'p or “draw the graph of the funeiion 
Sx 3 ” 

‘^’^8*** n-ord "function” Is merely on alternative’ 


word to "cxpre&sion”: when wo speak of a function of ir 
we mean an algebraic expression in terms of x.) In some 
questions the range through which the graph is to be drawn 
is stated ; in others it is not so, and the student is expected to 
draw it over a range ivido enough to show the typ& of the curve, 
or, if tho question is some problem on the use of graphs (os 
will be illustrated in a later section), to draw sufScient to meet 
the needs of the question. In some problems the student will 
be required to find the intersections of two graphs (for example, 
for the solution of the quadratic by means of the parabola 
y = and a straight line as given iu Book I, Chapter VII) ; 
if tho instruction to draw the graphs with the same axes and 
scales is omitted it should be understood as being implied. 

The scales chosen should be large enough to give a well- 
balanced graph from which readings can easily be taken ; they 
should not, liowever, be so large that the drawing of the graph 
is mode cumbersome— accuracy can bo lost if a graph is drawn 
too large os well as if it is drawn too small. It is often helpful 
towards the choice of suitable scales to make a rough, sketch 
on ordinary paper after the table of values has been calculated 
before proceeding to the use of graph paper. 
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EXAMPLES XXX 

In tho following questions draw the graphs of the given equations. 

(1 ) 2xy = 5 from a: = — 4toa! = 4. 

(2) (a: - 3) (!/ + 1 ) + 3 = 0 from a: = - 1 to a: = 6. 

(3) ^ + 4)/ = 2 from a: = -6toa: = 1. 

(4) xy + 3a: - 3i/ - 1 1 = 0 from a: = 0 to a- = 6. 

(5) xy + ix ->r iy + a = 0 from a: = - 6 to a; = 1 . * 

(G) ary -f- 3a: -f 7/ + 7 = 0 from x — - 4 to x ~ 2. 

(7) 4a:® - Oy® = 1 from a: = - 3 to a: = 3. 

(8) 4y® - a:® = 9 from x= - 4 to a: = 4. 

(9) 4a:® + 9y® = 36. 

(10) a:® + 4y® = 26. 

(11) 9x*-8a:y + 16y® = 36. 

(12) a;® + Gxy -j- 4i/® = 9. 

g 

(13) 1 / = 2a: + — from a: = - 3 to a: = 3. 

2 

(14) y = 3a; - — from x = - 4 to x = 4. 


To economize space we shall omit formal statements when 
we are graphing a curve and merely give the table of calcula- 
tions for the values of y for given x and the graph of the curve. 
When the table of values is ivided by a double line the section 
to the left gives the values which it would be natural to calculate 
first, and that to the right gives the additional values which 
it would be found advisable to calculate after those of the 
first section are plotted. 

The cubic curves y = ax^ -f- bx"^ -j- cx -f- <f. The graph given 
by an equation y = ax^ -h bx^ + cx -}- d, where a, b, c and d 
stand for numbers, belongs to one of three types. The student 
should familiarize liimself with the general run of the types by 
examining the figures of the three illustrative examples (Figs. 
68, 69, and 70). In tlie case of the parabola we showed how 
the graph could be compared with the standard one y = x^. 
In the case of the cubic curves there are three types which 
can be compared with three standards : I, y — x^, II, 
y = x{x- l)(a; -f 1), and III, y = x{x'^ +1). The numerical 
reductibn, of which w^e give examples at the end of the section, 
is, however, often very heavy and it is usually sufiSicient to 
distinguish them by actual drawing.* In the cases illustrated, 

I, II and ni, the coefficient a is positive ; if a is negative the 
graph is turned upside down and goes off at great distances in 
the second and fom’th quadrants. 

* There is nn alternative method of distinguishing between the types, 
without redvicing tho equations to the standards, but the method is beyond • 
the scope of this book. 
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y = Fig. 6S. 

{The cube-power curve: taking any z the y gives tlio cube 
of * ; taking any y the x gives the cube root of y.) 



0 

' 


3 

i 

SI 1 151 



' 

s 

27 

i 



If we change the sign ot x we merely change the .sign of y, 
60 there ia no need to construct a separate table of values. The 
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figure gives the graph from * = - 3 to x = 3. It will be 
noticed that for small values of x tho graph ia very flat, and for 
larger values of x it is very steep. It is important to realize 
tliat for v.ihies of x between - 1 and 1 tho grapli, aa dram>, 
is qriite uselcs.^; if we were interested in this range wo shouhl 
have to diuiv this part of the graph on a very much larger 
scale, taking values of x ~ •!, -2, -3, etc. 

We shall illustrate tlic second and third types by numerical 
'cxajnplfa ilrawn fiom x — 2 to x =» 3. 
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n. y= 2a;3 - 3x^ - 2x + 5, Fig. 69. 
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5 

26 

-5J 

5 
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2 
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(Note. Tlie points A and B shown in the figure are for use in a later example.) 


Tlie graph has a double bend. The example given in the 
figure cuts the x axis in one point onl 3 ^ Others of the same 
type may cut in three points, as, for example, 

y=(x-l}(x-2)(x~3} 

= .^3-6.^=+ ll.r-6 

which cuts the axis of x where x = I, 2 and 3 ; or cut in one 
point and touch in another as does 

= x^ - ox- + 8a; - I- 

wliich outs the axis of a; where x = 1 and touches where x = 2. 
(If an equation is given in terms of factors, e.g. 

(.a--l)(.a;-2)(.a;-3), 

the form is quite as convenient for numerical evaluation as 
the one in which the expression is multiplied out, 

7J = x^-Gx- + ll.a- - G.) 


ni. y = x^~ 3x- + 5a; + 11, Fig. 70. 
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Curves of this tj^po cut the axis of x in one point only (see 
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rig. 70). It will be noticed both in the table of values for this 
example and in the tables for previous ones, that we have left 
the values in fractions where the numbers are familiar ; when 
the scales are small, it is easier to plot, say, } or f than *25 
or -375. 



Fio. 70 

The Numerical Reduction to Standard Form. The student 
has already become familiar with the process of “completing 
the square” in his work on the quadratic equation and on the 
graphing of the parabola. To reduce the cubic graphs to 
standard, we use the process of “completing the cube” by one 
or other of the formulae 

(a 6)3 = + 3a*6 -h 3ab^ + 6* 

(a - 6)3 = o* - 3o*6 + 3o63 - 6® 


y = s3-l-6xS-hl2:c-l-9 
y = ( 3 : + 2 )» + 9-8 
y-I =(®+2)» 


Thus — 
(i)If 
we have 
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and the curve is merely the standard curve moved two units 
to the left and one unit upwards (« + 2 takes the place of x 
and y~l takes the place of y ; the part of the curve at ' 0 is 
moved to the point where x-\-2 — 0, y-l = 0, or x = ~ 2, 
!)• 

(ii) If y =Sx^- 36a:2 -f 54a; + 22 

we have y = {2x - 3)® + 22-27 

+ 5 = 8 (* - f )3, 

and the curve is moved so that the part corresponding to that 
at 0 (the flat part) is at the point - 5 ; the effect of the 8 is 
to make the curve more steep. 

(iii) K 3y = 7 - 3a; + 3a;2 - x^ 

we have 3y = 6 - (a;® - 3x^ + 3x - 1) 

3y-6 =-(.a:-l)3 
or y-2 =^-\{x- l)^, 

and the curve is moved so that the flat part is at the point 
1,2; the effect of the ^ is to make the curve less steep and that 
of the minus sign m - ^ is to turn the curve upside down. 

(iv) If y — 2a;® - 3a;® - 2a; + 5 (Fig. 69) 
we have y = 2(x® - 4a;®) - 2a; + 5 

2 [a;® - 3.a;® (|) + 3a; (i)®- (-1)®] 

-2a;-Y + 5 + i 

=.2{a;-4)®-H^-i) + V-i 

or y-{==2(x-i)^l(x-i)^-ij 

, ^2(.r-i)|(.r-l)-^||(.r-4) + 

. and Ave have tlie standard type II with the “centre point” 

moved to x ~ 4, y = 4; the effects of the a/ 7/2 and of the 2 
are manifest. 
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(v) If y = - 3t- 4* •*«? + 11 (1^'ig* 

e lifvve y = (a4 - 3x®) + (5a; -f* 1 1 ) 

= (a4-3a;S 4- 3 t- n + 5a;-3a: 4- 11 4- 1 
= (a:-l)a + 2(a:-l)4-14 
or y-14 = (x-l)|(x-l)S4-2{, 

and we have the standard type III with the “centre point” 
moved to x = 1, y = 14. 

EXAMPLES XXXI 

(1) Draw the graph of {/ = s* from x = — 3toa;=>3 and from it obtain 
approximately the values of 2-3*, (- I-7)*, ■^24, 17.) 

In Questions 2 to 10 plot the graphs of— 

(2) y a (* - 1) (x-2){*-3) from* ». 0 to * = 4. 

(3) y =« (2* + 1) (x- 1)* from* = - 2 to X = 2. 

(4) y = a:* - Cx 4- 7 from *«»-3tox = 3. 

(Sly &3 + 2* + *’-** from* » - 3 to * = 3- 

(6) y »• ** + 6* + 2 from* » - 2i to * = 2) 

(7) y + * « ** -I- *• from* = - 2^ to* « Cj 

(8) V =*»-C*» + 12* from* >» - 1 to * ~ 5. 

(9) lOy ™ 11 -6* + 12** -8** from* ■ - 3 to* 3. 

(Id) y =- 1 - 4*- 3** -a* from * * - 3 to* 2 

The Logarithmic Curve y = logi^x. Wlien ho is plotting the 
graph, of logloa; the student must remember that the logarithm 
IS defined for po.sitive values of x only, so that the curve lies 
entirely to the right of the a.\ia of y, YOY'. For values of x 
greater than I the values of y can be plotted straight from the 
readings in the logarithmic tables; this can also bo done for 
values of x less than 1 by a very simple device. We use a 
double system for the marking of the axis of y ; wo first mark 
the graduation-s in the ordinary way - - *2, . . . , - 1, 

- l-l, etc., and then wc can re-mark them as I'9, i-8 .... 
I, 2-9, etc., since (for example) 1*8 = - 1 4- *8 = - -2. If we 
Jiave done this second marking and wish to plot the logarithm 
of -3, wo look up log 3 in the tables and obtain -477. Wo are then 
able to plot at once log -3 as I'477 without having to go through 
the intermediate stage - 1 4- *477 = - '523. The shape of the 
graph is given in Fig. 71. 

{XoU. It, IS not nlways necessary to enter tbo two types of roarking, as 
the process can bo done mentally — thua if 1 small square represents -2 along 
the y nxi-s and wo want the position of 1-2 alt we have to do is to start at - 1 
and proceed a distance of 1 small square upwanU from it.) 

Because logaX = — tlie graph of y = log^x, where a 
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is any l)asc, is similar to that of y — log^x ; in fact, if wc write 
k for logioQ, wc liave 

if y = log„x then l:y = logio-r, 

and we can transform the logarithmic curve to the base 10 



retain the alternative “bar” notation for negative values of y. 
If, hoAvevor, it is desired to plot logo* directly without thhilc- 
ing of it first to base 10, all that is needed is to look up each 
miding in the log tables to base 10 and then to multiply it by 
logolO before the point is plotted, since log„x also equals logioX 
X logolO., . 

The Power Curve jk = a“. If y = u® then x = logay and the 
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power curve is therefore identical with the logarithmic curve 
with the axes interchanged. Since y = antilog«a: we might 
also call it an “antUog curve.” The graphs for a = 
ande (= 2*718) have been drawn (see Fig. 72) from the table 
given. It will be noticed that all the curves cross at ar = 0, 
y = I (since a° = 1 for all values of a), and that the curve for 



(J)* is that for 3* reversed (since (J)* =* 3"*); a separate table' 
has therefore not been constructed for this curve. 




1 

0 

i * ! 


1 

I 

2* 

•5 

1 

1 

MS ' 

1*41 

1*63 

„ 

3 * 

•33 1 

fVS ' 

1 

1-32 ' 

1-73 

2-28 

1 3 

4* 

• 2 .^ 1 

1 

I- 

1-41 1 


2-89 

' 4 

e* 

•37 

■“ 1 

1 

1*28 

1*65 

2-12 

1 2 72 


For !•, y = 1 for all values of x, and the graph is the straight 
line 0, 
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Parametric Co-ordinates. It is sometimes convenient to 
express the values of x and y for a point on a curve by means 
of a third variable, which is called a parameter. The method is 
of some importance in the applications of Mathematics to 
Mechanics. The method of representing the co-ordinates of a 
point win be most clearly explained by means of an example. 

Example. Suppose a circle of radius a rolls along the x axis. 
It starts in the position shown in the figure by the dotted circle 
\vith the point P of the circumference at the origin 0. Eind 



the co-ordinates of P when the circle has rolled through >n 
angle d radians. 

Let G be the centre of the circle and A the point of contact 
with the X axis (see Fig. 73, in which a is taken' as 1); the 
angle PGA is B and the length of the arc PA is aB. It follows 
that OA = aB since the circle has rolled along the axis. Draw 
PN perpendicular to GA ; then, as GP — GA = a, we have 
for the X and y co-ordinates of P 

X = OA - PN — aB - a sin B =‘ a (B - sin B) 
y — AN — AG - GN = a. - a cos 6 = a (1 - cos 0). 

The co-ordinates x and y are then said to be expressed in 
terms of the parameter 6 as a{B~sinB) and o(l-cos0) 
I’espectively. 

The figure has been drawn for one complete turn of the circle 
(0 fi:‘om 0 to 277-) ; the curve then repeats itself, and the com- 
mencement of the next section is shown. 
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This curve baa been used in a device to improve the time- 
keeping qualities of the pendulum. The upper end of the 
pendulum was made flexible and suspended between guides 
whose shape ivas obtained by inverting the part of the curve 
near the “V.” The device corrected errors due to the magnitude 
of the swing, but as these are negligible when compared with 
otlier errors it has not been extensively adopted. 

Polar Co-ordinates. In this system the position of a point P 
(see Fig. 74) ia determmed by its distance r measured from 
a fixed point 0 called the pole, and the angle 0 *= XOP i.s 
measured in the positive direction (i e counter-clockwise) from 
A fixed lino OX through 0 ; the polar co-ordinates of P arc then 
said to bo r. $ It' uc take OX as the z axis, and draw OY at 

right oiiglcs to it ^so that XOY = as the y axis for ordin- 
ary X, y co-ordinates, then clearly 

a: *= r cos 0, y = r sin D. 

If, in any given case, the angle 0 is negative tlicn the position 
of OP is obtained by a negative rotation ; if r is negative we 
first determine from 0 the pasition of the line OP and .then 
measure a distance r bachicanls tlirough 0. In Fig. 74 the 
points arc plotted as 




ALQEBBAIC GRAPHS 


143. 


blit, eqiially well ive could take as the co-ordinates of Q, i? 


Point 

T' 

e 

Q 

1 

Bn 

T 

R 

1 

7?r 

T 

S 

2 

2n 

3 


The student should check these co-ordinates for himself on 
1. The polar co-ordinates of the foot of the 



perpendicular from 0 on to a straight line, are 6, a. Find 

polar equation of the line. _ , n 

Let 4e co-ordinates of P, any pomt on the line be 7, « 
(see Fig. 75 (i) ). The triangle NOP is right-angled at , 

OP = r, ON = b, 

and NOP = XOP-XON = d-ct. _ 

But ON = OPcosNOP, and therefore, replacing the lengths 
' and the angle hy sjnnbols, the equation of the me is 

}• cos (0 - a) = b. 

Exa^iple 2. A circle of radius a passes 
polar co-ordinates of the centre G are a, a.. m 
equation of the circle. 
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I-/et P (r. 0) be any jtomt on tlie circle. Joining 00, PC, 
OOP is an isosceles triangle (Fig. 75 (ii) ) in •n-hich 
OC = PC = o 

and' CPO = COP = XOP - XOG == 0 - a. 


r.cos{9-&j)=b r~7aco$(9-fX,) 
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. Froiti the isosceles triangle QP = 2CCcosCCP> and the 
required equation is therefore 

V — 2a cos (0 - a). 

Example 3. Draw the curve r = a <1 + cos 0). 

For convenience u e take a as 1 and form the table of values 
for r corresponding to values of 0 from 0 to tt (the same values 
hold for 0 2jt to w) to plot the curve given in Fig. 76 (iii). 
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The curve, which is called the cardioid, from its resemblance 
to the popular idea of the shape of the heart, is of importance 
in engineering worh as it gives the form of the cam used in 
many valve controls (the cam is pivoted at 0 ; only the section 
of the curve away from 0 is generally used). 

EXAMPLES xxxn 

(1) Draw the curve j/ = logj^* from x = -2 to a: = S, and from it determine 
the logarithms of 6-7 and -76 and the numbers wh 9 se logs are -25, i-5 and 1-41. 

(2) Draw the curve lOy = 5® from x = — 4toa;=4. From readings on 
the curve determine approximately the' values of 5^, 5^'^ and the power of 
5 which equals 65, 

(3) Draw the graph of j/ = log^x from x = } to x = 10, and from it deter- 
mine the logarithms to base 4 of 6-5 and 0'65. 

(4) Draw the graph of the cun’e given by x = 4 -f 3/, y = <- from t = - 6 
to / = 6. 

0 

(5) Diaw the graph of the curve given by x = t 1, .y — ^from t = i to 

t = 4. 

(a) Draw the graph of the cimvo given by x = i + 2, y = from t = - 3 
to « = 3. 

■ (7 ) Find in terms of x and y the equation of the curve given by x = 4t -f 1 , 
y = 3f». 

(8) Find in terms of x and y the equation of the curve given by x = 5 cos 6, 
y = 5 sin 6. 

(9) Find in terms of x and y the equation of the curve given by x = 4 cos 6, 
y = 6 sin 0. 

(10) Plot the points given in polar co-ordinates by 3, 2, — ; -2, 

fll) Plot the points given in polar co-ordinates by 2, 0; - 2, tt; E - ^ ; 


(12) Draw the graph of the straight lino r cos ^0 — — 2. 

(13) Draw the graph of the straight lino r cos ^0 — 3. 

(14) Draw the graph of the straight lino r cos ^0 -f = - 1. 

(15) Draw the graph of the circle r = 4 cos ^0 — 
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(16) Draw the graph of the cuflo r = -3 cos + "j)' 

(17) Find the equation to the circle which has the normal from the pole 

to the straight Imo r cos = 2 os diameter. 

(18) Find the equation to the tangent to the circle r = 2 cos ^0 - ^ at 
the point ^ = 2 

(10) Plot the graph of r •= 2 + ooa $, 

(20) Draw the graph of r = 1 + 2 co* 0. 

Farther Graphical Applications 
The Roots of an Equation. Wo have already seen in the case 
of the parabola that the values of x where the graph cuts the 
X axis XOX' give the roofs of the quadratic equation in x 
obtained by putting y equal to 0. This property can clearly 
be extended to any graplt, and we have — 

The points \ohere the graph of any rdation between x and y 
cuts the X axis give the roots of the equation in x obtained by 
putting y equal to 0 in the relation. 

Thus, taking an example \%c have already drawn — 
y t= 2*® - 3a® - 2a + 5 (Fig. C9) cuts tlio a axis m one point 
only ; the cqtiation 2a* - 3a® - 2a + 5 = 0 is satisfied by only 
one value of a (approximately - 1*13). 

[We can have os many intersections as the degree of the equation; if the 
graph touches the ass the point takes the place of two (or mote) inteisections. 
and we eay the equation has two (or more) equal roots y » (x - 1 )* (2 - 2)1 
meets v = 0 three times at * *3 J and twice at ;e = 2 ; (* - 1)* {* - 2)* « 0 has 
three roots equal to 1 and two equal to 2. If the number of intorsections, 
allowing lor contacts, is less than the degree w« say the curve has the remainiRg 
roots imaginary. In the osample first quoted the equation is of degree 3 and 
lias 1 real and 2 imaginary roots.) 

The Pants of Intersection of Treo Graphs. Consider the points 

2 

of intersection of any two gropha, say y = a* - 2a and 2/ = “• 

At a point of intersection the y’s of the two have the same 
value for the same x — for tho x, in fact, of the point of inter- 
section; and the a co-or«linates of tho points of intersection 
are therefore tlie roots of the equation 
o 

, a:®-2a=:- 

' X 

or a*-2a®-2 = 0. 

By similar rca-soning the y co-ordinates are tljo roots of 
the equation 
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or 4?/ - 4 = 0. 

Maximum ami Ilinimuvi Values. If we examine the graph of 
p—2x^- ~2x + 5, given in Fig. 69, and start from 

x = -2, we see that y increases until we get to ^ {x ~ - -26, 
y = 5-3) and then decreases to B (x = 1-26, y — 1-7), after 
which it increases again. At A the value of y is greater than 
its value at any point near A (any point includes points on 
both sides of A); y is said to have a maximum value at A. 
At B the value of y is less than its value at any point near B ; 
y is said to have a minimum value at B. In other words, if at 
any point on the curve the tangent is parallel to the x axis 
XOX', the point gives a maximum y when the curve near it is 
entirely below the tangent and gives a minimum y when the 
carve near it is entirelj' above the tar/gent. 

It is import.ant that students should realize that “maxi- 
mum’* and “minimum” are not the same thing as “gi’eatest” 
and “least.” They can be the same (as m the parabola figures 
61, G2, 63), but they are clearly not so in this case. Also the 
maximum may actually be less than the mmimum, as in the 
case of the curve (b) in Fig. 67. If the cm’ve crosses the 
tangent (as at « = 0, Fig. 68) the position is neither a maxi- 
mum nor a minimum. 

We will finish the chapter by giving two examples of graphical 
problems. 

ExajMPIjE 1. Drav^ the graph of y — x {x - 1) (3 - 2x) from 
a: = - -2 to .T = 2, and find graphically the values of x for wliich 

(i) 4.r (.a; - 1) (3 - 2a:) is a maximum or a minimum, 

(ii) 4a; (a: - 1) (3 - 2a;) equals {x - 2), 

(iii) 4a; (a; - 1) (3 - 2a;) exceeds (a; - 2) by 1. 

Calculatings values of y for values of a;, we have at sight 
y ~ 0 Avhen a: = 0, 1 or 1-5 and also 
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(i) Find by trial the places where the tangent is parallel 
to the axis of x; we have (see Fig. 76) — 

the maximum is at A when x = 1-27 ; 
the minimum is at .B when x = '39. 



X " 2 

(ii) Draw the graph of y = ■ (line (i) in the figure) ; at 

the points P, Q and P whero it cuts y = z (z - 1) {3 - 2z) the 
y’s of the two graphs are the same for tlie same z’s, or 

4z (z - 1) (3 - 2z) = (z- 2) when x = *23, '68, 1-57. 

x~2 1 

(iii) Draw the graph of y = — r— + 7 ; then, at the points 

* ** z — 2 1 

L, M and iV, z (z - 1 ) (3 - 2z) is greater than — ^ by — , or 

4z (z- 1) (3-2z) exceeds (z-2) by I. The values of z at 
these points are, approximately, •!, 1 and 1'4. 
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Exajiple 2. Solve gi-aphically the equations 

y = logio^c- 

‘lx + l-2y + -84 = 0, 

given that x lies between - 3 and 3. 

It vnll be remembered that the graph of ‘logiorc only exists 
when X is positive (see Fig. 71) ; x", however, is always positive 


y 



and the graph of log x^ exists for positive and negative values 
of X. The easiest way of plotting this graph is to remember that 
log x~ = 2 log X for any positive value of x, so all we have to 
do is to look up the value of log x and double it for positive 
values of x up to 3, thus 

x= 2, log a; = *3010 ; y = log x^ ~ -602. 

Tliis saves the worldng out of a;-. If we take numerically ' 
equal but negative values of x the value of is unchanged 
(x == ~ 2, 2 / = •602). To plot ‘lx + l-2i/ — 0 (a straight 

line) we talie two points x = 0, j/ = - -7, and y = 0, x = - 1-2 

6-1T.J2) . 
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with a check point a = *0, y == - 1*05 The roots, which arc 
given by the s and y co-oidmates of P, Q, R in Fig. 77 are 
approximately a; = *35, y£=-*91; x = -'68, y = -'34; 
ic = -2-76, y = -88. 

(Additional elementary examples on the work of this chapter will be found 
on page 178.) 


EXAMPLES XXXIII 

(I ) Plot the graphs of »= a* + 2* - 3 and 3y + * «= 2. Write down 
the z co-ordinates of the pomts of tntersectioo, and from (Ae giien tqtiatxont 
form the equation of which these should be the roots. 

(3) Draw the graph of y • 3z* ~ 13;r 7. For what values of x is y equal 

tox-21 

(3) Plot the graphs of the functions (3x -f- 5)/4 and 2x-z^ from x = — 1 
to X = 3. By a graphical construction determine approximately the values 
of s for which the first function exceeds the second by 2. [Draw the gra-ph oj 
(3x 4- 6)/4 - 2.) 

(4) The coats of production of a factory come under tliteo beads •• a standing 
charge of £1,000 per annum, and variable costs of £60x and £(14X'X*)30, 
where x is tho number of hun^eds of tons of goods produced. With the same 
scales and axes draw curves to show the three sets of costs and from them 
construct a total costs curve from x « 0 to x ^lO. Detomune the output 
for Srhich the cost is neatest. 

(5) ij The equation a? - 3* -• I « 0 may be solved by graphmg y » x* and 
y *■ j 4- Qraph these and hence find tbe roots of the equation roughly to 
one place of decimals. 

(6) With the same scales and axes plot tho graphs of 2y b z 4- - and 
y » 2x - 2 from x ^ 3 to x » > 3. Bead the x co-ordinates of the pomts of 
intersection. 

(7) Plot the curves y e> x*, 2y 4- 3r => 0. from x se 0 to x n 2}. Hence 
find a toot of tbe equation 2i*4-3r-<)«=0to one place of decimals 

(8) Plot the curve y = (x 4- l)’ from x >» — 6 to x « 2. Draw the straight 
line from the origin tangential to the curve and dotermine its equation from 
the graph. 

(9) Draw the graph of y x* - 2x* — Ox 4" b from x = - 4 to x = 4, and 
from It obtain tbe values of x for which y <= — 2. 

(10) Draw the graph of y » x*-6x* 4- 7x-3 from x •= 0 to x 4. From 
your graph obtain the values of x for which y = ~ 

(II) Draw the graphs of x* 4* y* = 28 end 2x 4- 3y 4< 13 0 and use 

them to solve the equations simultaneously. 

(12) Plot sufficient of the curves x*4-y*“3x-4 = 0 and x> = 3y to 
show all their points of mtorsectioo. Recicl the co-ordinates of x and y for 
tho points of intersection, and deduce, from the original equations, equations 
for which these values of x and y are roots. 

192 

(13) Draw the graph of x' 4- — fromx = 3 tox = 8, and hence determine 

the least value. * 

(14) Plot the graphs of y = 2* and y 4- 2 «=■ 3* from x — - Jtox=>2. 
Hence find the root of the equation 3*- 2* « 2. 

(15) Solve the following equation graphically — 

4x*4- 4X-35 « 0. 

Test your result by giving an algebr^ solution. 


{EM.E.V.) 



ALGEBRAIC GRAPHS 


151 


3 

(1C) Draw the graph of t/ = - for values of x between - 3 and + 3. With 

the same axes and scale draw the graph of p = 2a; + 1 also between x = - 3 

and X = + 3- . • i. 

Find whore the two graplis intersect and verify by calculation that the 
values of x whore they intersect are the roots of the equation 

2x d- 1 = -. ■ 

(17) Plot to as large a scale as your graph paper will conveniently allow, 
2 

the fimctions S'C - ixr, and - for values of x from - 4 to +4, using the same 

X 

scales and reference axes for both graphs. By means of these graphs, estimate 
tn the nearest tenth each of the tlueo values of x for which x (3-5 - Jx®) = 2 

{N.C.) 


(18) The coat P(£) per mile of an electric cable is given by the expression 



— + CSOx 

X 


where x is the cross-sectional area of the cable in square inches. Taldng values 
of X from 0-35 to O-OD plot to as big a scale as is convenient P vertically against 
X horizontally. 

From the graph find 

(i) the cross-section for wliioh the cost per mile is a minimum ; ♦ 

(ii) the minimum cost per mile. {U.E.I.) 

(19) Solve graphically the following equation: x’-2x*-2x 1 = 0. 

(V.E.I.) 


(20) The total areo A (in square feet) of the outside of a certain tank with 
a square base of side x ft. is given by the expression 



Calculate A for values of x equal to 5, 6, 7, 8, 9 and 10. Plot A vertically 
and X horizontally. From the graph read off the value of x that will make A 
least. {TJ.E.I.) 

30 

(21) Show on a diagram how the expression x* -j changes in value as x 

varies from 1 to G. ® 

From the diagram find — 

(a) the least value of the expression, 

(b) 'the value of x when the expression is' least, - 

(c) the slope of the curve at x = 4. {V.E.I.) 

(22) Graph the function i{x- 4)’“ (x -f 2) for values of x from - 2 to 6. 
By means of the graph solve each of the equations — 

(i) (x--i)'(x + 2)= 10. 

(li) (X - 4)= (X -f 2) =17. (W.G.) 

(23) Solve grapliically the equation e* = 2x -f 3. 

(Take values of x from - 2 to -}- 2.) {U.E.I.) 

(24) Using squared paper find to tluco significant figures the values of x 
and i which satisfy the following equations — 

3-74 = P 

•51 -h 2x = 5, 

given that x lies between 1 and 2. 


(E.M.E.U.) 
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(35) The co-ordinatca (x, jr) of points ou a certain curve are given by t = 
a(^-ein ^),y = a(l-cos^),vhei«^i3mradi<in9. Calculate the co-ordinatea 
of the points where ^ ^ and ^ =* (tJ.L.CJ.] 

(2C) Tabulate the values of r in the expression r = a cos 6 when a » 3, 
for values of d from 0 to radians. Hence, using polar co.ordinates, plot the 
cirrve r = a cos 0. Read o^ the values of 0 in degrms when r « I-6. 

(U.B.I.) 

{21) Plot m polar co-ordinates the curve r = 2 (1 - cos' 0) from 0 «> - .-i 

to 0 » n toldag 1 m. as unit for rand angles at intervab of (E.M.E.U.) 

6 

(28) The profile of a cam forms part of the polar curve r = 0-287 A where 
^ is an angle m radians. Express r where ^ is in dtgrtts and then plot the 
curve for valuee of A from 0" to 360®. 

From the diagram read ofi the value of A when r => 1. {V>EJ.) 



CHAPTER VI 

DIFFERENTIAL CALCULUS 

SuProsE a car is moving along the road from London to 
Brighton at a steady rate of 20 m.p.h. and that at noon it is 
o miles from London. We Imow that the graph representing 
its distance y miles from London at time x hr. after noon will 



be the straight line shown in Eig. 7S, which can be represented 
by the equation 

y = 20x -f- 6, * 

and that the slope of the line is 20 and gives the speed in miles 
per hour. 

Further, taldng any time interval L to M, the distances from 
London are given by LP and MQ, which are 20a;i 5 and 

20.r. + 5 where L is the time .Ti and M is the time x.. The 
distance gone during this interval is the difference of these, 
namely NQ, or 20 (Xj - x^), and the average speed for the time 
L to If will be obtained by dividing this distance by the time 
interval LM (or PN) which equals (a;. - oJi). Hence the average 
speed is 20 m.p.h. We have then, in the case of the straight- 
line graph, that the average rate of increase is constant and 
equal to the slope. Tliis property does not hold for a curved 
graph, and we now proceed to extend the idea of a slope to 
such graphs. 
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The Slope of a Curve. Let P (Fig. 79) be any fixed point 
on the graph ; wp want to attach some meaning to the phrase 
“the slope of the curve at P.”' If Q is any other point on the 
graph the line through P and Q w called a eftord. Wo -will take 
sets of points Qi, Qt, . . . Qx, Qt, • . • and draw the chord 
through P and each of them in turn. 

As the point Q is taken nearer and nearer to P wo see that 
the chord approaches more and more closely to the position 



PT, a line through P which grazes the curve there. This line 
PT is called the tangent at P to the curve, and the slope of 
PT is regarded as the dope, or gradient, of the curve at P. It is 
clear from this that the slope of a curve at a point on it will 
varj’ with the position of the point. To justify the idea of 
slope thus applied to a curve as suggesting a rate of increase, 
it null be clearer if wo take a numerical example; to avoid 
hiding the argument under heavy arithmetic we will take one 
in which the numbers are very simple. We will take the curve 
as y = a:* and the point P as having co-ordinates 1, 1. 

Draw the lines parallel to the axes through P and Q (anj' 
other point on the curve) to form the triangle PQN, right- 
angled at N (Fig. 80). 

In moving from P to Q on the curve, LM is the increase in 
the X co-ordinate and NQ s tho increase in the y co-ordinate ; 

NO 

the average increase for the interval L to M is yt? per unit x 
NO 

(or since LM = PN). Wo will now make a table for various 
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intervals | ve keep L at the point a; = 1 and take intervals 
L3I equal to •!,. -01, etc., in turn. To help the calculation of 
y we can use the identitj’’ (a -|- Ff = u" -f 2ab + F with a as 1 
and b as the hicreasc L3I, so that 

(1 4 - . 1)2 1.21, (1 + *01)2 = 1-0201, etc. 



Taldng positions Qi, Q^, . . . of Q, which approach nearer 
and nearer to P, wc can construct the table as follows — 



xco-ord.of <3 

LM 

Uj co-ord.ofQ 

^<2 

average rate ) _ NQ 
of increase ) “ LM 

<3i 

1 -t- -1 

1 

•1 

1 

1-21 

•21 

2-1 

Qj 

1 + -01 

•01 

1-0201 

•0201 

2-01 

Qz 

1 + -001 

HI 

1-002001 

•002001 

! 

2-001 


It is clear that as we continue the process of bringing Q 
nearer and nearer to P the average rate of increase, as given 
in the last column, will approach more and more closely to 2 — 
thus, for example, for the interval 1 to 1-00000001 the rate will 
be 2-00000001. We also notice that this average rate of in- 
crease, wliich has been obtained from the^ curve, is identical 
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w'ith the slope of the chord. Hence via conclude that the rate 
of increase at P along the curve is identical nith the slope of 
the tangent at P, and has (in this case) the numerical value 2. 
We speak of tliis rate of increase at P along the curve as the 
slope, of the curve at P. 

Note I. Tb© student will frequently find it necessary, in graphical work, 
to draw with a ruler the tangent at a point P on th© curve. It is not always 
easy to do this with reasonable ogouracy. and it is often helpful to mark on 
opposite sides of P two points Q, Q' equidistant from P but near to it (say 
-1 in.); the tangent at P is roughly parallel to QQ'. 

Note 2. The mcresse of y for a very small increase of x is very nearly (but 
not exactly] equal to the product of the gradient and the increase of x — 
thus if at a point x cs 4 the gradient of a curve is 6> the increase of y when x 
IS increased to 4'000002 is very nearly 6 x •0(W002 « •000012. This property 
is of the greatest importance m practical applications 

Note 3. Although we have obtained the slope at a point on a curve from 
consideration of tlio ai'erage rate of incroosa over a very small interval, the 
student must not consider the slope at the point and this average rate as 
having exactly the same meaning In the case of a motor-ear we can obtain 
an average rata in mdea per hour from the distance gone during an interval 
of time, while the speedometer reading gives the true rate at any given time 

Note 4. A decrease is, of course, a negative increase ; thus, for example, 
a deerteue of y of 4 per umt x is reckoned os on tnereaee of > 4 per unit x. 

Later in the cliapter we shall find rules by \7bioh the slopes 
of curves can be witteu down at sight. It is, however, odvis- 
able that the student should first work through some examples 
in detail in order that he should fully understand the principles 
involved; but it is not necessary to the process that he should 
construct a table of the type just used in order to find the slope 
of a curve. Thus — 

Exabiple 1. Find the slope of the curve 2y = x® at the 
point where x = 4. 

When X = 4, y =s 32 ; we take any point Q whose x co-ordi- 
nate is 4 + A. If the y co-ordinate is 32 -f k then 

2 (32 + i) = (4 + h)^ 

where k, h are the lengths corresponding to NQ and LM in 
Fig. 80, 

and 64 -f 21: = 64 + 48A + 12^2 + A® 

using the formula (fl 4- 6)* =» a* + 3o*6 -f- 3a6* -{• 6’ 

48A + 12AS + A3 
24 + 6A 4- 


2A = 
__ A _ 
LM ~ h 
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If we take Q very near to P, Ti is very small and is very 
nearly equal to 24 (if h is very small indeed we can neglect 
67;, -f- — when compared with 24), or the slope of the curve 
2y = at the point where a; = 4 is 24. 


The term 6/t 4* “ corresponds to the difforence botween the average rate 

of increase over the interval 4 to 4 + and the slope of the curve at a: = 4 
(see Note 3, page 150). 


ExampI/E 2. Eor what value of x is the slope of 3?/ = -}- x 

equal to 5 ? 

Let the co-ordinates of the desired point P (Fig. 80) be 
Xu 2/i and the co-ordinates of Q be aji -f 7t, i/i -f k. 

Tlien, since P and Q are on the curve, 


3y, = Xi- + Xi (1) 

and 3 (?/i + k) — {Xi -j- h)^ -f (ajj -f h) 

or 3?/i -f Zk ~ a;, 2 -f- 2a;, 7i -f- 4* k. (2) 

Subtracting (1) from' (2) Zk = 2.rj^ h 

k 2 .Ti + 1 7i 
h~ Z '^Z' 


2x 1 

The slope at P is therefore — ^-5 wliich equals 5 when 

O 

Xi = 7, or the x co-ordinate of the required point is 7. 


EXAIMPLES XXXIV 

In Questions 1 to 4 find the slopes of the curves for the values of x indicated. 

(1) 3;/ = a:- when a; = 2. 

(2) y — 4a:’ when a: = 1. ' 

(3) y = 2a;’ x -n’lien a- = 3. 

(4) 2«/ = a:’ — 1 when a: = - 1. 

(5) Find the co-ordinates of the point on 1 / = 3x’ - 2x at which the slope is 1. 

(6) Find the co-ordinates of tho points on 2y ~ x^ at which y is increasing 

at tho rate of C per unit x, ' 

(7) Find tho co-ordinates of tho points ony ~ 2x~x^ at which y is decreas- 
ing at the rate of 4 per unit x. 

The Difierential Calculus. The objects of the Differential 
Calculus are to provide rules by which the slopes of curves 
can be easily VTitten dotvn from their equations, and .to use 
them to obtain properties of the curves wdiich are of practical 
importance. For example, if we know that a certain equation 
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connects the efficiency of a motor iirith the nnmber of revolu- 
tions per minute it is a matter of great importance that wo 
should have some method of fi nding tho speed which gives the 
maximum efficiency ; or again, in the case of a loaded girder, 
that we should be able to calctdate the increase of bending duo 
to an increase of load. Problems of this type are dealt with 
most conveniently by means of the Differential Calculus. 

Notation. In Chapter VH of Book I wo introduced to the 
student the terms dependent and independent variables. In 
the boolavork we shall usually denote tho independent variable 
by X and the dependent variable by y ; y is then said to be a 
function of x and we regard the equation between them as 
giving us the value of y in terms of x. The relation may 
be expressed directly as in the case of y = x^, or may be 
indirect as in the case of a:* -f » 5 It sometimes hoppens 
that wo are not concerned with the exact form of the equation, 
and we then may write y = /(a?) (in words, “y equals a function 
of aj") or f{z, y) = 0 (in wor^, “a function of x and y equals 
zero”) respectively, to indicate that there is a relation between 
X and y.f 

In the introductory paragraph.s we have calculated slopes 
for definite numerical values of x (e.g. x = 4), but such calcu- 
lations are too limited, and we now wish to find tho slope for 
any value of x. It must, however, be clearly understood that, 
although wo express the value of tho co-ordinates by x, y, 
the X and y are definitely those of the point we ore concerned 
with and have therefore definite values — they are no longer 
the general x and y of the co-ordinate system. In the previous 
work wo denoted a small increase of x (the length L3I = PN in 
Fig. 80) by ft ; it will now be more convenient to use a symbol 
which clearly indicates on x increase, and we therefore express 
a small increase of x by $x (in words “delta a?”). The increase 
of X gives rise to a small increase of y (the length NQ, previously 
denoted by A:), which wo expre.s3 similarly by dy (in fact wo 
use tho symbol d to express any increase ; thus implies an 
increase of x®, dy® of y®, and so on). The slope, or rate of 
jnereaso of y with respect to x, at the point P (x, y) is denoted 

by the syrnhol This is also called the differential coefficient 

t In this cliapter we shall liinit ounelves to the type */=*/(*) where the 
tmictvon is tha eum ot rategta! powers of s or va one of the aaoplet tngono- 
. rnetrical ratios. Harder coses trul be dealt with in Book III. 
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of y xoiili respect to x (or more briefly the diffei'cntial) and is 
referred i.o in vords as "d yhy d x.” The student must fully 
realize that these arc symbols to ivhich algebraic manipulation can 

not be applied, thus Sx is not 6 limes x, and ^ is not a fraction 

and can not be swiplified. 


Note. It is Bopaotimoa necessary to indicate that the slope is calculated for 

sorbo particular point a:,, instead of for any point x, y on the curve. This 

can bo roprosonted conveniently by > *-e. -wo have worked out the slope, 

for any point x, y and then replaced x and y by the particular co-ordinates 
(lx 

Xj and j/j. 


The Differential of ax" 
is any Number. We 
will first work ont the 
value of {x + h)”. We 
shall obtain it by con- 
sidering repeated multi- 
plications by the 
contracted method, re- 
garding h as small, as 
set out in the working. 

It is clear that every 
time we multiply wo 
increase the power of x 
by 1 and also increase 
the coefficient of the 
term contaim’ng 7t by 1, 
so that approximately 

(a:-{-7^)‘* =a;‘’-f'4a;% . 

(.T 4- 7i)"o = .1:2° -j- 20a;W<. 
and • 

{x 4- h)" = X" -f nx"~Vi ; 
or, accurately, 

{X -f h)" 


where n is a Positive Integer and a 


X + h 
a; -f- 





x'‘ -f- xh 





xh 

+ ;r 




{x -h h)- = a:* -f- 2xh 

+ 77= 




X -i- h 





x^ 4- 

+ terms 

in 



xVi 

+ n 

ff 

it 

etc. 

{x -}- fi)’ = a:’ -f 2x‘‘h 

+ .. 

y* 

yt 

yy 

X + h 

4- t> 

yy 

** t 

yy 

a;* 2xVi 

4" ff 

y> 

tf 

yy 

xUi 

-f M 

y> 

yy 

yy 

(a; -p 7i )* = a:* 4a:’7i 

+ jf 


yy 

yy 

X + h 

+ 

»> 

yy 

»» 

a:* -f 4a:*f!. 

+ »» 

>1 

yy 


x*h 

. 

+ »» 

yy 

yy 


{x -f hy = a:® -f 5x*h 

+ »» 

»» 

yy 



— x" -|- nx"-Ui, -}- h~R, 


where h"R represents the part of the multiplication wliich we 
have not worked out {B is some expression in x and h, starting 
off with the (7i. - 2)th power of x and ending ndth 
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To Tetom to otir question : -we ioTO for the point P 
y = ox", 

and for a near point Q 

y + iy — a (x dx)\ 

or = a {x" + nx^~^ dx -j- {dxY R). 

Subtracting, dy = dx -f a(6x)* R, 

NO du 

or ^ = an®"-* + P. (ScoFig.81.) 



As dx is made smaller and smaller (i.e. as Q is taken nearer 
NO 

and nearer to P) approaches more and more closely to 


anaf-^ and we hare therefore for the slope, or differential 
coefficient, of P 


dy 

•y » anaf*~ 
ax 


We can express the rule in words thus : To dijferenliatt a 
power oj X, multiply the coeffident by ike power and also reduce 
the power of xby 1. We shall see later that the rule also holds 
when n is not a positive integer. 
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y is the Sum of Powers of A'. If we have an expression y 
equal to the sum of powers of x, as, for example, 

y — 3a;8 -f- 5x^ + 2a;3 + + 9, 

it is clear that when, x is given a small increase the resulting 
increase in y is equal to the sum of the increments of each of 

uAt 

the terms, and therefore ^ id equal to the sum of the differentials 
of the separate terms ; thus in the example given 

^ = 3 . 8a;7 -f- 6 . 4x3 + 2 . 3x2 + 4 
ax 

= 24x’ -f- 20x2 + 6x2 ^ 4^ 


It is to be noted that the term 9, with no x in it, disappears 
on differentiation — a change in the value of x makes no change 
in the value of this term, or written 85rmbolically 

d9 

The differential of 4x is, of course, 4. 


Fundamental Properties of 


dx' 


Although our algebra has 


been applied to a particular case {y — ax") the properties of 
dy 

^ which may be deduced from Fig. 81 are quite general. 

1. ^ is the slope of the line FT and = 

If the units of x and y are equal, as has been assumed without 
mention in the previous work to avoid confusion, = 
tan NFS, or 

dy 


dx 


— tan NFS = tan LRF, 


In practice we may wish to estimate the rate of increase 
of y by drawing the tangent to a graph in which the units are 
not equal, and measuring the angle. We must remember that 
NS and LF are measured in y units and FN and RL in x units. 
For example, if unit x is Sin. and unit y is 4 in. and the angle 
LRF is 60° ; then corresponding to a 3-in. increase in x (equal 
to 1 unit x) there is for the tangent RF, on the. graph, an increase 
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of y equal to 3 tau 60“, which in terms of y units equals - 

Thus the slope of the tangent, and therefore of the graph at the 
. . 3 tan 60“ 

pomt of contact, is ^ . 

dy 3 tan 60" , . , 

^ at the particular pomt. 

2. For a small increase A of ar equal to PN, the true increase 

in y is A’Q and is NS. The error in taking A^ os the increase 

of y for the small increase A of x is SQ. When Q is near to P 
this is negligible avIicu compared with NQ, as may bo seen by 
taking for Q on the figure a point on the curve, say, -1 of an 
inch from P. We have, therefore, the important practical 
rule (as already stated in Note 2. page 160) — 

For a small increase of x the increase of y is given approxi- 
mately by the product of the differential coefficient and the awail 
increase of x. 


Note. Tiie error correeponde to the tern h*lt or in the algebra o! 

page 160. 

3. If ^ is positive, the angle LRP is acute (less than DO") 
and y increases as x increases ; 

If ^ is negative, the angle LRP is obtuse (between 90“ and 

ISO*) and y decreases as x increases; 
dy 

If = 0, the angle LRP is zero and the tangent PT is 

parallel to the axis of x. The value of y at such a point is 
said to he statimuiry, as its change for a small change of x is 
negligible. 


Example 1. Differentiate y = x* - 2x* -h x + 0. For what 
values of x i.s y (i) increasing (ii) decreasing (iii) stationary, as 
X increases! 

Using tiie rule for differentiation of a power 
y = x’-2x* + X 4- 0 
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Factorizing, we have 


% 

ix 


( 3 x- 1 ) {x- 1 ) 


and 


~ = 0 when x~lorx= 1, 
dx 


or the value of y is stationary when x = ^ and when a; == 1 
(sec Fig. 82 ). 

If a; is less than both 3 x - 1 and .t - 1 are negative, and the, 
product is therefore positive. 



If a: is greater tlian 1, both 3 a; - I and a; - 1 are positive and 
the product is therefore ijositive. 

Hence, for x less than and for x greater tlian 1, y increases 
'as X increases. 

If a; is greater than \ but less than 1, 3 a; - 1 is positive and 
X - 1 is negative, and the product is therefore negative ; hence, 
for X between \ and 1, y decreases as x increases. 
d'ij 

The sign of -5^ for various .parts of the curve is shown in 
the figme. It will be seen that where ^ is positive the angle 
between the tangent and the positive direction of the x axis is 
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acute ; where ^ is negative tlie angle is obtuse ; and where ^ 
= 0 (at I = J or 1) the tangent is parallel to the x axis. 


Example 2. The height h ft. of a hall tlirown upwards ds 
given at time t sec. by the equation h = 64/ - 16/®. Find 
the velocity and acceleration at time t. 

Now the velocity v is the rate of increase of height, 


or 


But 


A 

dk 


^ df 

-- 64/- 16/2 


or, for the velocity, y = 04 - 32/ in feet per second. When 
/ a 2, y =: 0 and the ball is instantaneously at rest and is at 
its greatest height. 

Again, the acceleration/ is the rate of increase of velocity, 


or 


/ = 


— 

<//■ 


But 


dt ’ 


or, for the acceleration,/ - 32 in feet per second per second. 
Since / is negative v decreases as / increases ; the ball is said to 
have a reiardalion of 32 ft. per second per second. 

Example 3. The raditis of a sphere is taken to be 2 ft. and 
the volume is calculated. If radius is actually 
less than this, by hoa' much per cent is the calculated volume 
too big? 

If V cub. in. is the volume of a sphere of radius r in. 

Y = 

dV 

and = Iff , 3r^ = irrr^. 


Hence, if the radius is increased by a small amo\mt dr, the 
volume is increased by a small amoimt 6V where 
dV 4ffrMr. 
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In the example (5r = - yj-jr and r = 24 inches. ^ 

477 ( 24)2 


bV = - 


100 


47t(24)2 

The "calculated value is therefore too small by i7in~ 

477 ( 24)2 , . 

cub. m., i.e. H 'too big. 


100 


100 X 


477 ( 24)2 

100 


or 


177(24)2 


= y'!, = ^ per cent. 


Exai^iple 4. Figure 83 shows a vessel with plane sloping 
sides and 3 in. deep. The bottom is a rectangle 20 in. by 15 in. 



and the top is a parallel rectangle 23 in. by 21 in. Water is 
poured in at the rate of 22 cub. in. per minute. Find the rate 
at which the depth of the water is mcreasing when it is 2 in. 

Suppose the depth of the water is x in. ; the surface is a 
rectangle whose length is 20 a: in. (the length increases from " 
20 in. to 23 in. in 3-in. depth, i.e. by 1 in. per inch depth) and 
whose breadth is 15 -f- 2x (the breadth increases from 16 in. 
•to 21 in. in 3-in. depth, i.e. by 2 in. per inch depth), or the 
area A is given b3^ 

^ (20 -f x) (15 -I- 2x) = (300 + 55.r -f 2a:2) sq. in. 

Suppose that in a very short time bt the depth increases by 
(5.r ; the increase in volume is then very nearly the yolume' of a 
slice of area A and thickness bz, and is given by 

A 6x = (300 -{- 55a; -f- 2*2) Sx cub. in. approximately. 



ICC ELEMENTARY PRACTICAL MATHEMATICS 


But 22 cub. in. are poured in per minute and therefore the 
increase in volume in bi min. is 22 bl cub. in. We have then, 
verj’ nearly, 

(300 + 55ar + Sr*) bx = 22 it 
dx 22 

dt ~~ 300 + 65jr -f 2x- 

Whena: = 2therate^^^ at which the depth is inercasing is 
22 22 1 . 

3^ + 5 ~ 5.2 + 2.2^ = 418 = 19 


EXAMPLES XXXV 


In QueaUona 1 to Ifi Gad Iho diSerenti&b o( the given expressions. 

<l) (2) 3**. (3) 5*1. (4) 7*». 

(5) - 3**. (0) 2* + 3**. (7) 4r - 5. (8) *• - 2* - T. 

(91 *‘-31* + 3 <l0)8**-7jr* (U)*'‘-12x (12) (I + 2*)*. 

(13) (** + *)*. (U) (!-*)». 


(I8){2-**)». (10)**(l-i)* 

(17) A point P movos along a straight line AD, the distance AP being 
* It. St tune t soo If a o 7 4- IBt - 1 \ find the velocity and acceleration of 
P (i) when f ®» 2, (ii) when < =» 4 

(18) A road runs east and west , the distance « yd. east of a fixed point 0 
on the rood at time t nun. of a man on the road is given by the equation 
M = lSt~ 3t* for tunes t from 0 to 20. From t 20 he walks with constant 
speed. Fmd 

(i) the velocity when t = 1, 

(u) the tune wfion the man starts waUdng west, 

(uj) the Stance be goes east, 

(iv) the velocity when t = 20, 

(v) the equation giving his position for t greater than 20. 

(19) The radius of a circle is 7 id. Due to a temperature change, the radius 
increases by 0 0003 m. By means of the calculua calculate the increase in 
area. (Take n to be V-) 

(20) The radius of a sphere is increasing at the rate of 0 014 in. per soc. 
Fmd the rate of mcroase of tlie area when the radius is 8 m. (Take rr to bo VO* 

(21 ) At a point F on the curve y =• 3** - 2*, « s> 4. Fmd approximately 
the y co-ordinate of the point whose x co-ordmate exceeds that of P by 0 02. 

(22) At the point P ou the curve 2^ •= ®* - **, * *= 2. Fmd approxunatoly 

by how much the x co-ordinate of P must be increased to incroa'io tho y 
co-ordinate by 0 23. ■>.. 

(23) The sides of an equilaleml triangle oro increosmg at tho rate of 6 cm. 
per sec. At what rate is the area increaemg when the side is a cm. 

(24) An inverted hollow cone has height h in. and base radius a in. If 
water is being poured in at the rata of F cnb. in. per second at what rate is 
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The Tangent to a Curve. Supjjose wo want the equation of 
the tangent to a curve, whose equation is known, at a point on 
it whose co-ordinates are .-ri, y^. We first work out the slope 

~ for any point x, y, and b 3 ' substitution obtain the slope 

at the x>aTlicular point aq, y^. The equation of the tangent is then 


because 

(i) this equation is of the first degree in x and y and therefore 
represents a straight line ; 

(ii) the sti'aight lino goes through the point .Ti, i/i since, 
if we put Xi for x and y^ for y, both sides are zero ; 

(iii) the slope of the line is 
of the curve at x-^, y^. 




which is the same as that 


Ex=vjiple 1. Find the equation of the tangent to the curve 
at the point where a; = 3 on y = 2x^ -7x 1. 


- 2 . 


4x - 7. 


, _ 

■ ■ \dx j I 


'^Hien X — 3, y 
dx 

The equation of the tangent is therefore 
( 2 / + 2) = 5 (a; -3), 
or y=ox-li. 


4.3-7 


5 . 


ExjUiplis 2. Find the co-ordinates of the points on the curve 
y — .T- -{- 2a; + 4 at uhich the tangents pass tlirough the origin. 

dy 

■ ‘ dx 


2x -f- 


the equation of the tangent at a’l, y^ is 

(l/-2/i) = (2a:i + 2) 

U'hich passes through tlie origin (0, 0) if 
Vx = (2aq + 2) 

Solving with y^ == + 2aq -f 4 (since Xj, y^ lies on the 

curve) Ave have cither Xi = 2, y^— 12, or ~ ~ 2, y^ = 4. 
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Points ol Inflexion. Suppose we take the curre 
t/ = I* - 2x* + X -f 6 given in Example 1, page 162, The 
slope at any point is given by 

|=3a--tr+I. 

We have already found that tl^ slope is zero when x = 
and X == 1. It is in itself a function of x and we can therefore 
discover how il varies with x (increasing, etc.) by considering 
ilg differential, which is Cx - 4. 

6x - 4 = 0 when x = or the slope is stationary at x = |. 

When X is less than 6x - 4 is negative, or the slope is 
decreasing. 

When X is greater than f , 6x - 4 is positive, or the slope is 
increasing. 

Eeferring to Fig. 82, and starting from the left, we see that 
tho slope decreases as x increases to f (at x | it is zero and 
from ^ to I it is actually negative) ; from x = | the slope 
increases from the negative vatuo at becoming zero again 
at X »= 1, after which it is positive. 

/ 

ri) 

FiO. S4 

A point where the slope is stationary is called a point of 
inflexion. Three sketches of inflexions are given in Fig. 84, 
and it ^vill be seen that the direction of bending of the curve 
changes at the inflexion and that the curve actually crosses 
tho tangent there. If we regard tho curves in the figure as 
giving sections of a roadway we see that the inflexion gives 
in case (a) the point of greatest steepness, 

„ (6) the point of least steepness, 

„ (c) the point where the road is fiat (the slope eases off 

to this point and then steepens). 
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From a: = to .T = 1 we can regard the example worked 
out in detail as a case of {a), the negative slope implying descent 
as X increases. 


The differential of the differential is usually denoted by 
the special symbol ^ (referred to in words as “d squared y by 
d X squared,” though no squares are involved) and we have the 

To find the points of infiexionfind the points where = 0. 



Points of inflexion have considerable importance in engin- 
eering design ; for example, a vertical supporting piUar becomes 
slightly bent xmder load and wiU be unsafe if the curve which 
it assumes contains a point of inflexion. 

Maxima and Minima. We have already defined a maximum 
value of y (Chapter V, page 1 47 ) as one which is greater than that 
for any of the nearby values of .v and a minimum as one which is 
less. In Fig. 85 the points A are maxima and the points B give 


minima; the point C 


^ which is a point of inflexion, 


dx" 



is neither a maximum nor a minimmn, as y is greater at C 
than it is at a point just to the left and less than it is at a point 
just to the riglit. Maximum and minimum do not necessarily 
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mean absolute greatest and least — in the figure the second 
minimum Ls actually greater than the first maximum. 

It is clear that at all these points the tangent is parallel 

. ^ 

to the X axis, or 3 - = 0 . 

ax 

The sign of ^ for various sections of the curve (-f or-) is 

marked on the figure; as uo move to tho right x increases 
and ne have — 

dy 

While passing through an A point ^ decreases from + to 

or at a maximum is negative. 

While passing through a B point ^ increases from - to +, 

or at a minimum is positive. 

At tho inflexional point C, ^ is zero but there Is no change 
dh/ 

of sign in passing through it ; ^ is zero there. 

We have therefore the rule — 

To find the positions which give vuizima and minima first 

find where ^ ^ ; t/ the co-ordinates of snch a point make 

dV • i ... 

negative we have a maximum; if they make it positive wehave 

a minimum. 


Exasiple 1 . Find the maximum and minimum values (if 
any) of - 2 x* + a: + 6 . 

Writing y for the expression, ^ = Zx- - 4x + I ; 

3a;® - 4x + 1 = 0 when * — ^ and a: = 1 ; 


dhj 

dx‘ 


Gar -4. 


When X = I ^ — - 2 , which is negative. 



DIFFERENTIAL GALGVLU& 


171 


When x=\ 


dhj 

dx^ 


2, which is positive. 


Hence x — § gives the maximum value for y, = 
and .r = 1 gives the minimum value for y, = 6. 

(Compare Fig. 82, page 163 ; it will be seen that the maxi- 
mum and minimum are not greatest and least values.) 


Exajiple 2. Find the maximum and minimum values (if any) 
of X? -}- 2a;2 -f- 6.r - 1. 

dy 

■ AVriting y for the expression, ^ = 3a;® -f 4a: -{- 6 ; the 

equation 3a;® -j- 4.r -f- 6 = 0 has no real rootSj and there is 
therefore no maximum or minimum value of y. 


Exaimple 3. Find the maximum and minimum values (if 
any) of x^ - 5.^® + O-r® - 7a; -f- 2. 


dy 

Writing y for the expression, ^ = fa:^- 15a:® + 18a: -7; 
by trial x - 1 is a factor of 4a;® - 16.1:® -f 18a; - 7, which equals 
(a: -1) (4a;® -11a: -|- 7) = (a;-!)® (4a; - 7), or ^ 0 when a; = 1 


and when a; = l£-. 


dhj 

da;® 


= 12.r® - 30a: 4- 18. 


When a; = 1, = 0. 

da;- 


AATien 


x= 1^ 


d-y 
da;® 


2J, whicli is positive. 


Hence a; = If gives the minimum value for y, 


27 

256' 


There is no other maximum or minimum, z = 1 giving a 
stationary value at an. inflexion. 

' r (Harder examples on maxima and minima will be given in 
Book m.) 


EXAAIPLES XXXVI 

(1) Eind the equation of the tangent at the point on 1 / == 2x- where x ~ 2. 

(2) Find the equation of the tangent at the point on j/ = q- 2x’ whore 
s = 1. 

(3) Eind the equation of the tangent at the point on y = -2x whore 

5: = 2 . , . • ■ 
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(4) Find the equations of the tangeats to y = 2x* which nre parallel to 
the Imo y *s X. 

(5) Find the co-ordinates of the point of inflexion on y = a’ - 3** -f * - 7. 

(6) Find the z co-ordinates of the points of inflexion on the curve 
y = ** - 4x* - X&e* - 3- 

(7) Find the values of z which gcve tnaximmn and minuQtim values to 
x' - 3x*— 9x: distinguish between them 

(8) Find the maximum and Tnimmom values of 4 + x - x* - x>. 

(0) Find the maximum suid minimum values of x* - Sx* -|- 2x -f- 1. 

(10) Find the values of x for which the tangent to i/ =» x* - Ox* -f- 8x is 
parallel to the x axis, and deteimina whether they correspond to points of 
inflexion or maximum or minimum values of y 

The Differentials of sin (ax + b) anfl cos (ax + b) where 
a and b are any Numbers. In applications of the calculus to 



trigonometric ratios it is essential that all angles should be 
measured in radians. 

Let oi 4- 6 = 2 ,- then, for a small increase fix of x, -we shall 
have a small increase 6z of z where d6x — dz. 

Construct the Fig. 86 in which the circle (centre 0) has 

radius 1, POQ = z, and QOB = dz. (For the sake of clearness 
in the figure the angle dz has not actually been dravm very 
small); QL, EM are perpendicular to OP^ and QN is per- 
pendicular to EM. 

Since 6z is measured in radians and the radius is J 
the arc EQ => I .dz = dz 

It i« this flt«p which makes the use of radian measure essential. 
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Since 6z is small 

the chord RQ very nearly equals the arc RQ =' 6z. 
In the isosceles triangle ORQ, 

ORQ =OQR = i (tt-ROQ) = l-ldz. 

In the right-angled triangle ORM, 

Ohi = 5 - ROBI = '^-z~dz-, 

NRQ — ORQ - ORM = z -f 6z, 

We use 71 radians instead of 180® as all angles are measured in radians. 


Since the radius is 1, sin (z -f dz) — RM, and sin z = QL. 
RN = RM - NM — RM - QL = sin (z ^ 2 ) - sin z, 
but 6 (sin z) is sin (z dz) - sin z ; 

d (sin z) — RN. 

Now sin (ax + b) is sin z and adx — bz ; 

b [sin (ax -f 6)] _ (t(5(sin z) _ aRN 
bx bz RQ 

approximate! j'-, where RQ is the chord, 


A ■ / bz\ 

a cos QRN = a cos ( z 


<52 

or, since 2 -f -g, when bz is very small, nearly equals z, i. 
ax -j- b, 

d [sin (ax -}- 6)] 


dx 


= a cos (ax -f- b). 


; Again, cos (z + bz) = Oilf and cos z = OL ; 

NQ — ML — OL - OM — cos z - cos (z -{- bz), 
but b (cos z) is cos (z -{- bz) - cos z : 

b (cos z) is - NQ 
and, as before, 

i5 [cos (ax -f- ft)] ab (cos z) aNQ . 

= ~~Tz " W 


A 

- a sin QRN — - a sin 



e. 
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Heiicc, finally, 

0 [cos {ax 4- b)] 
dx 


ihf 


= - a sin (ax -f b). 

Exami’lu 1 . If y = sin 4x and x is Jiioasurcd in degrees find 
when X = 30®. 

Before we can. dificrcntialc we must turn t!\o angle into 


y = sin radians 
dy 4r 47r 

•J- vs;: cos vss X radians {from the formula for ama) 

<LX 1.80 180 


When X ss* 30®, cos 4a;® = cos 120® = - i, 

, dy in n 

“ “ 180 X 2 " “ 90' 

Exascple 2. For \rhat values of x Ic.s.? than 2 ratlians is the 
tangent to the graph of y = 2 sin x -f cos 2x parallel to the 
axis of X ? 

y =5 2 sin X + cos 2x 


dy _ 


(from tlio two formulae) 


. dtj _ 


dy 


= 0 when cos x = 0, i.o, x = „, 


. or sin x = i.c. 35=-. 

These are the only values of x less than 2 which satisfy the 
equations. 

d-y 
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when X = g, = -2.1-4(-l)='2, which is j)ositive and 

tiie value of y is a minimum ; 

TT dry „ 1 , 1 , . , . 

When ^ = 0 > = “ 2 . f - 4 . f , winch is negative and the 

value of 1 / is a maximum. 


EXAWLES XXXVII 


(Tho angles are in radians unless otherwise shown.) 

In Questions 1 to 11 obtain the differential coefficients of 


(1) sin (3x + 4)- 
(4) COB (6 - 7x). 

(7) 2 cos (3a:- 7). 

(10) cos 


(2) cos 5x. 

(6) cos 3a:'’. 

(8) sin (6a: - 20)*’. 

(11) cos 2x + sin 2a;. 


(3) 3 sin (4 - 2a;). 
(6) 4 sin ^3a: - 

(9) 2 cos ^2a:-2^ 


(12) As X varies from 0 to w/2 radians, find the value of x which makes 
sin a: + 2 cos x a maximum. 

(13) As a: varies from 0 to Tr/2 radians, find the value of x which makes 
2 sin a: + cos a: a maximum, 

(14) As X varies from 0 to ar radians, find the value of x which makes cos x 
- 3 sin a? a minimum. 

(15) As X varies from 0 to ai radians, find the value of a: which makes 
2 sin a; - sin 2a; a maximum. 

(16) As X varies from 0 to w/2 radians, find the value of x which makes 
cos 3a; - 3 cos a; a minimum. 


(Additional elementary examples on the work of this chapter will be found 
on page 178.) 


EXAMPLES XXXVIII 

(1) Brass increases in length by -000019 of its length for each degree centi- 
grade increase in temperatm’e. V'hat is the volume of a cube of brass at 6° C. 
li at 1° C. each side measures 2 cm. 7 

(2) The distance moved s at time t by a body is given by « = 7t - 8t’ -1- 3J’. 
At what times is it at rest and at what time is the acceleration zero 7 

(3) An inverted hollow cone has height Ain. and base-radius oin. Water 
is being poured into it and the depth is increasing at tho uniform rate of 
b in. per sec. What is the rate at which the water is being poured in when 
tho depth is a: in. 7 

(4) Find the equation of the tangent to 4j/ = x‘ which is parallel to tho 

line V = 3i. / 

(6) Find the value of x for which the excess of 2a: -f 4 over 4a: - x^ is a 
minimum. 

(6) Find the values of x which give the maximum and minimmn values of 
If = x^-Sx’ -L Sx, and also that which gives the inflexion. 

(7) Show that the graph of r/ — x^-3x‘ + Sx has no stationary point 
hut that it has a point of inflexion. 
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(A) (a) Till' (Ibtnrirn t (tt,)^)nov#il througit l>y a Vndy In tlmo t (anrt,) ia 
given by tlio eipre«"ifm 

S0<»»I<U'. 

Find tli« vploeity At ( ••• 0 luid I 4 am, 

Wlioii Will ibfl body l>o ot rimtt 

(6) I'ind thfl innxininin vaIiia of th» funoUon I -f- iX’-'/ix*. (U.tt.l.) 

(0) I'rovA llmi tbn limdng vnlnm of tlu) cubio foneiion 
a{r* - Ox* + ]6«) + fc, 

wlii'm n And 6 nro eonatnntA, occitr when z Ima llin vaIum d ] nrid 4. A 
reapnotivftly. 

If till* rnnollon Iia« turntiiK vaIiiaa of 4* 4 nnd >• 3 wlien z hna tlm vnliira 
-f I An<{ 4- A reApcclivi'ly. (Iml tho vaUim of n And b anil CAlouUio Ibn vninen 
of tho runotlon when le A(|UAbi > J, 4 3,4 7. (A’.O.) 

(10) Tlio vnluea of f Im function nx* 4 &r 4- e oro 0 0 ntid 8 2 when x ciiuaIh 
3 Aiid 2-R rraiiKCtively. Tim elom of (bo grtt])]i of llio furiAlIoii when x 3 8 
In (rnblo IIn Hiopo when c •• 3. Find tho ruiiAlAnta a, U onil e. (A/.f/*.) 

(11) A etirvo of llio form j/ •• ox 4- t>x* 4* t*' pnaaea through tlm point 
(I, ]} and hna turning vaIuaa wtmn 0 »« S nnd 0 •> 3. Kind a, b nnd 0, . 

IIJM.K.V.) 

(12) An open tank with a «)fiara Imao ia to bo oonitnioted to liold 108 eii. ft 
of wAtcr. I'iiid ita (Ihnnnaiona If A ridnlmiim amount of mAtcrIal la tiaed. 

{K.M.H.V.) 
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Chapter T 

(1) Solve the equations — 

(1) = i. 

^ 2a:- 1 ^ a: + 3 2 

(2) a:-3y + 7z = 12, 

z-a: + 1 / = 0, 

2i/ - 3a: + 2z = 1. 

(2) Solve the equations (giving approximate answers to three significant 
figures) — 

(1) 4a;2 + 8a:- 17 = 0; 

(2) 0-2a:= + l-fia: + 0-3 = 0. 

(3) Solve the equations — 

(1) 3 / - 4a: = 0, 4a:- + axy -j- 6i/= = 270 ; 

,{2) ax~hy = a, ax- by- = 


(4) Solve the equations — 

(1) 2‘'-r3® = 2, 2^ + «-3» + » = 0; 

(2) a:- 2zy =3; 3x 2y = 5. 

(5) A man sells 10 tons more of a cheaper coal than he does of a dearer, 
winch costs 12s. per ton more. He receives in all £83. If he had sold them 
both at the lower rate, he would have received only £74. How many tons 
of each sort does he sell and what are the costs per ton 7 

(6) A ball is thrown' downwards with a starting velocity of 70 ft. per sec. 
The distance gone, x ft., after t sec. is given by x = 701 -f- 16(*. Find the time 
taken for a distance of 200 ft. 

(7) A rectangle is 2 in. longer than it is broad. If the length and breadth ' 
are both increased by 3 in., the area is increased by 69 sq. in*. Find the 
original length. 

Chapter II 


(8) Prove that tan 6 -{■ cot 0 = sec 6 cosec d. 
(0) Prove that sin*d - cos‘0 =1-2 cos-d. 

sin A sin A 


(10) Prove that • . . 

sin A - cos A 

(11) Solve 3 ain^d — cos 6=1 


-h 


sin A cos A 


= 2 - 1 - 


secM - 2 


(12) A man walks 3 miles in the direction N. 42° E. and then 2 miles in the 
direction S. 10° E. Calculate the distance and bearing of his final position 
from his starting point. 

' (13) Solve the triangle in which B = 28°, O = 40°, o = 5. 

(14) Solve the triangle in which A = 30°, a = 4, 6 = 7. 

(15) If oosec A = calculate without the use of tables the values of 
cos A, sin 2A, cos 2A. ' ' 

(16) Angles X and F, both less than 90°, are such that sin X = jJ, 

tan Y = /j. 

Without the use of tables, fed the values of sin (X -}- Y) and 
tan (X - Y). 


177 
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(17) Express tlio following in t«niis of tlie trigononietrical ratios of the 
angle A — 

Bin (270" - A). «a (270* 4- .<4). tan (ISO" + A). 

(18) Prove that — 

cos (00®+ A) cos (180®-i?) + cos<180*+ A) cos (270° ~B) = sin (A + B). 

’ Chatter III 

(19) Forces act on a body of magnitudes and directions East of Eorth os 
follows : 2 Ib., 70° : 8 lb , 90° j 4 lb.. 150 ® ; 7 lb„ 230*. Calculate the magni- 
tude and direction of the residlant Ibrce 

(20) Check the previous question by means of tlie polygon of forces. 

(31) Vectors of magnitudes 7, 8, 6. 4 and S units have directions X., M.W., 

5 E., W. and S \V. respectively. W'tot is tha magnitude arid direction of tlie 
resultant vector when the last three vectors are subtracted from the sum of 
the first two? 

(22) A body xvbieh is moving at 20 ft. per sec. due north is given on accelera- 
tion of 3 ft. per sec. per second in direction North West for 3 see. and tlien 
an acceleration of 3 ft. per sec. per aecond in direction N. 58* W. for 3 sac. 
Find Its final x'elocity. 

(23) A man in a boat crosses a river 350 ft. wide, the velocity of the current 
liemg 6 m p.h. Re reaches the opposite bank 100 ft. downstream feum liis 
starting point In what direction did he row if his velocity of rowing is 

6 ra.p h.t 

Chapter IV » 

(24) Ton pennies (each of diameter 1*3 m.) ore arranged on a plane to touch 
oau other with their centrea lying in & circle. Calculate the radii of the circles 
(i) on which the points of contact lie, (ii) on which the centres lie, 

(25) A cap IS cut off a sphere by a plane. The height of the cap is 1 in. 
and the radius of its base is 3 in. Calculate the radius of the sphere, the area 
of tha curved surface of the cap, and the volume of the cap. 

(26) A tent is m the sliApe of a nght circular cone. The area of its circular 
base IS 100 sq ft. and its volume is 350 cu ft. Find to the nearest square 
foot the area of its curved surface. 

(27) A right circular cone iias radius 3 m. and height 4 in. Find the vertical 
augte, the volume, and the area of the curved surface. If a piece of paper 
exactly covering the curved surface is laid flat, what is the angle between the 
extreme radii T 

(28) A crossed belt tightly surrounds two wheels in the same plane. Tlie 
rada of the wheels are 6 and 8 ui.. and their centres are 17 in. apart. Calcu- 
late the length of the belt. 

Chatter V 

(20) Draw, on the same scale and axes, the graplis of y = 1 + 4 t - x' and 
xy-i-y — 3 =■ 0 from *»»— ltoa:!=4. Write down tlie jr co-ordinates of 
tlieir points of intersection. 

(30) Draw the graph of y = ** - Sx* - 5* + 6 from » = -4to*=+4, 
and from the graph obtain the values of x tor which y = - 1 . 

(31) Plot the curves y *= a*. 2y + 3* =a 6 from x » 0 to a » 2(. Hence 
find a root of the equation 2i* + 3i - 6 =» 0 to one place of decimals. ' 

(32) Plot the curve y m (* + 1)» from * = - 6 to x = 3, and draw tiio 
straight line from the origin tangential to tiie curve. Determine its equation 
from the graph. From the two equations obtam an equation in x of which 
the X co-ordinates of the intersections of the line and the curve are the roots 

Chatter VI 

(33) Find the x co-ordmates of the points on y = x* - 3x* + Sx at which 
the gradient is six times the gradient at x s I. 
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(34) Tlio lino x ~ a cuts y = -i- Sx and y = x-x- in points whore the 

tangents to tho Cui'ves are parallel. Find the value of a. 

. (36) Obtain tho equation of tho faingont to y = 2x- — x^ at the point whose 
X co-ordinate is x^. Hence obtain the equation of the lino tlirough the origin 
which touches the our\’o elsewhere. 

(36) Find the values of x wlu'ch give tho maximum and minimum values of 
y = x^- 3x- - 24a: - 4, and also that which gives the point of inflexion. 

(37) Show that tho grhph o£ y = 3a:® - 3a:® -f 2a: has no stationary point, 
but that it has a point of inflexion. 

(38) Show' that the graph ot y = 3a:® - 3a:® -f x has no maximum or mini- 
mum, but that it has a point of inflexion. 

(39) Obtain the differential coefficients of sin (4 - 2x), cos (4 - 2a:), 

sm (120 + 6a:)°. 
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ASn-LOGARITHMS 



m 


5 i 6 


3243 3251 1 3253 32GG 3273 3281 3289 
3319 3327 3334 3342 3350 3357 3365 
339G 3404 3412 3420 3428 3430 3443 


•54 3407 3475 3483 3491 3499 
•55 3548 3556 3565 3573 3681 
•50 3031 3039 3G48 3056 3064 



•57 3716 
•58 3S02 
•59 3890 


■61 4074 4083 
•62 4109 4178 
■63 4200 4270 


3733 3741 3760 
3810 3828 3837 
3908 3917 3920 


4009 4018 


■64 4365 4376 
■85 4407 4477 
■66 4571 4681 


■67 4677 4088 
■68 4786 4797 
■m 4S0S 4009 




4410 4420 4436 4446 
451914620 4539 4660 
462414634 4045 4656 


4721 4732 14742 4763 4764 
4831 4842 4863 4864 4876 
49-13 4955- 4960 497714989 


5023 1 6035 6047 6058 6070 1 6082 j 6093 


6129 6140 6152 6104 5176 
5248 626016272 6284 6297 
6370 638316396 6408 6420 



•74 6495 
■75 6623 
■70 6764 



6188 6200 5212 6224 
6309 5321 6333 6346 
6433 6445 5468 6470 


6559 6672 6585 6598 
6689 6702 6716 6728 
6821 6834 6848 6861 


6967 6070 6984 6998 
6096 6109 6124 6138 
6237 6262 6206 6281 


4 6 6 7 8 1011 

4 6 6 7 910 11 
4 6 6 8 9 10 11 




0531 6546 6661 
6683 6099 6714 
6839 6855 0871 


6412 6427 6442 1 3 



6 6 8 9 11 12 14 
6 6 8 9 11 12 14 
6 6 8 9 11 13 14 


■84 

■85 

•80 


■87 7413 
■88 7680 
•89 7762 


■90 7943 

■91 SI 28 
■92 8318 
8M 1 

m 8710 
■05 8913 
■90 9120 

■97 9333 
■98 9550 


0900 6982 
7129 7146 
7295 7311 


7-147 7464 
7621 7033 
7798 7810 


7962 i 70S0 7998 1 8017 


8160 8185 8204 
8350 8375 8395 
8551 8570 8590 



8730^8750 
8933 j 8954 
9141 19162 


9354 ; 9376 
9572 ; 9594 
9795 ! 9817 


8770 8790 
8974 8995 
9183 9204 


9397 9419 
9610 9638 
9840 9S63 


8036 8054 


8222 8241 
8414 1 8433 
8610)8630 


8810)8831 8851 
901619030 9057 
9220 19247 9268 



12 14 16 

12 14 16 

13 14 16 


9 11 13 16 17 


8279 8299 
8472 8492 
8070 8690)2 4 


8872 8892 
9078 9099 
9290 9311 1 2 4 


9462 9484 
9083 9705 
9908 9931 
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6 ' 12 ' 18 ' 24 ' 30 ' 36 ' 42 ' 48 ' 54 ' 


12 ' 

18 ' 

7090 

7108 

7218 

7230 

7337 

7349 

7455 

7466 

7670 

7581 

7683 

7694 



7615 7627 7638 
7727 7738 7749 


771 

880 

980 

smt 11 

7815 

7923 

8028 

7826 

7934 

8030 

7837 

7944 

8049 

784 

795 

805 



8151 8161 8171 
8251 8261 8271 


8348 8358 8368 
8443 8463 8462 
8536 8546 8564 


8625 8634 8643 
8712 8721 8729 


8796 8805 8813 
8878 8886 8894 
8957 8966 8973 


0033 9041 9048 
9107 9114 9121 


9178 9184 9191 
9246 9262 0269 
9311 9317 9323 


9373 0379 0385 
9432 0438 9444 


9489 9404 0500 
9542 1 0648 0553 
9693 


9641 9646 
9080 9690 


9728 9732 9736 
9767 9770 97;i 
9803 0806 9810 


9836 0839 9842 
9866 0809 9871 




80 i•9976 

87 !-99S6 
83 i-9994 


9978 9079 
9988 ! 9080 
9900 


9956 9967 9959 
9971 9972 9973 


9982 9983 9984 
0991 9902 9993 
9997 0997 9998 




6 

6 

6 

6 

6 

6 

4 

6 

4 

6 

4 

6 

4 

6 

4 

6 

4 j 

6 

4 

5 

3 

5 

3 

4 

3 

4 

3 

4 

3 

4 

3 

4 

3 

4 

2 

3 

2 

3 

2 

3 

2 

3 

2 

3 

2 

2 

2 

i 2 

1 

2 
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NATURAL COSINES 


6 ' 12 ' 18 ' 24 ' 30 ' 36 ' 42 ' 



yIKt 

rHmiliaarhlftft 


•7071 7059 7046 7034 7022 7009 6997 1 6984 6972 6959 


6909 6896 6SS4 6871 6858 6845 6833 

6782 6769 6766 6743 6730 6717 6704 

6652 6639 6626 6013 6600 6587 6574 


•6561 6647 6634 6621 6508 6494 6481 6468 6455 1 6441 
•6428 6414 6401 0388 6374 6361 6347 6334 0320 


•6293 6280 6266 6262 6239 6226 ! 6211 6198 6184 

•0167 0143 6129 6110 6101 6088 6074 6060 0046 

•6018 6004 6990 6970 5962 6948 6934 6920 6906 


•6878 6864 
•6736 6721 


•6692 6577 6663 6648 
•6-440 6432 6417 6402 
•6299 6284 6270 6265 


•6160 6136 6120 6105 
•6000 4986 4970 4955 



807 6793 
064 6650 


6764 6760 
6621 6606 


6619 6505 6490 6476 6461 

6373 6358 6344 6329 6314 

6225 6210 6105 6180 6165 


90 6076 6060 6046 6030 6016 
39 4924 4909 4894 4879 4863 


•4848 4833 
•4696 4679 
•4640 4624 


•4384 4368 
•4220 4210 



4802 4787 4772 4766 4741 4726 4710 

4048 4033 4017 4602 4580 4671 4655 

4493 4478 4402 4446 4431 4416 4399 


4337 4321 
4179 4103 


4035 4019 4003 3987 3971 3955 39S9 3923 

3876 3859 3843 3827 3811 3705 3778 3762 

3714 3097 3681 3005 3649 3033 3016 3600 


•3684 3667 
•3420 3404 


•3266 3239 
•3090 3074 
•2924 2907 


3636 3518 
3371 3355 


3206 3190 3173 3166 
3040 3024 3007 2990 
2874 2857 2840 2823 


3453 3437 
3289 3272 



2723 2706 2689 
2654 2538 2621 


2386 2368 2351 
2216 2198 2181 
2046 2028 2011 


90S 1891 1874 1857 1840 
736 1719 1702 1086 1068 




2639 2622 2005 
2470 2453 2430 



028 1011 0993 0970 
854 0837 0819 0802 


1771 1764 
1699 1682 


478 1461 1444 1420 
305 1288 1271 1253 
132 1116 1097 1080 


0941 0924 0906 0889 
0767 0750 0732 0715 


•0098 OCSO 0603 0615 0628 0010 ! 0593 0576 

•0523 0506 0488 (1471 0454 0436 0419 0401 

•0349 0332 0314 0297 0270 0202 1 0244 0227 

•0175 0157 0140 0122 0105 0087 1 0070 0052 1 0035 1 0017 


BtJBTnAca' 


2 ' 3 ' 5 ' 
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NATURAL TANGENTS 
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NATDBAL TANaENTS 



Tho black type indicates that the integer changes,^ 
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TABLE OF CONSTANTS 

(Cormnon abbreviations aro given m buckets) 


Length. 


12 inchc4 (in.) 1 foot (ft.) 

3 feet t= 1 yard (yd.) 

J7eo yards = 1 mile (ml. or m.) 


Also 


10 nulliiTietrCi. (mm.) != 1 centimetre (cm.) 

100 centimetres «= 1 metre (m.) 

1000 metres •= 1 kilometre (Km.) or (km.) 


1 furlong B 2i0 yd » ) ml. 

100 links B I chain = 22 yd. 

1 polo or ro<l s yd » ) elwim 
1 eea-railo = lo cables C08D ft. 


10 decimetres (dm ) L metro 

1 dccametto (Dm.) > JO metros 
1 hectometre (Hm | •« 100 metres 

fjinvafen/j 1 metro «= 30 37 in 

*= 3 iSl ft. 

I Km e 0-Vil4 ml (roughly i ml.) 


1 in = 2540cm 
1 yd. a 0 0144 in. 
1 ml. a 1-COD lOn. 

Area. 


1 4 { 8<] in « 1 sq ft. 
0 eq. ft a I eq yd. 


4S40eq yd 

• 1 acro*(ao.) 

MO acres 

~ 1 sq. mL 

100 SI] cm 

1 eq dm 

lOOsq dm. 


1 0.000 sq m. 

or 1 Hectare 

10 sq cbftins 

* I acre 

1 sq pole or rod 

30) sq yd. 

40 eq poles 

» 1 rood 
» 1 acre 

1 ore 

» 100 sq. in. 

too hectares 

ss 1 aq. Km. 

1 eq. m. 

l'\9f»sq. yd. 

1 sq. Km 

ss 0-3SCI sq. ml. 

1 hectare 

2-472 acres 

1 sq. m 

« e452 8q. cm. 

1 sq yd 

=• 0-8301 sq. m. 

1 sq. ml. 

=• 2-590 sq. Km. 
193 . 
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Volume. 

1728 cub. in. =i 1 cub. ft. 

27 cub. ft. = I cub. yd. 

2 pints =1 quart 
4 quarts = I gallon 

1000 cub. eontimetres (c.c.) = 1 cub. dm.’ 

^ == 1 litre 

1 litre = 61-02 cub. in. 

= 0-220 gallons 

- 1 cub. in. = 16-39 c.c. 

1 gallon = 4-540 litres 

= 0-1606 cub. ft. ' 

Weight. 

16 ounces (oz.) = 1 pound (lb.) 

112 pounds = 1 hundredweight (cwt.) 

20 cu-t. = 1 ton 

= 2240 lb. 

1000 grams (gmi.) = 1 kilogram (kg.) 

1000 kilograms = 1 metric tonne 

1 %. = 2-205 lb. 

1 lb. = 0-4536 kg. = 453-0 grm. 

I tonne = 0-984 ton 

'Foreign Money. 

France Franc of 100 centimes Northern America Dollar of 100 cents 

Germany Murk of 100 pfennig India Rupee of 16 annas 

Italy Lira of 100 centesimi Ceylon Rupee of 100 cents 

Useful Constants. 

57-296° B = 2-7183 

log, „ 57-296 = 1-7581 log^^e = -4343 
2-3026 


» = 3-1416 1 radian = 

logic"- = -4971 logio^l^ = 

logg 10 = 
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EXAilPLES vm— (contd.) 
, , 11 26 


i. w = -11-5,0 =.-n'6V» = 
{i) 9, 12. (ii) 10. 2. 


16 . 


3 IS 


17. 4 = 0..B= i,0= i.D=^i;30. 

18. 3. 2; 6. 19. (t> 5. (li) 1, 0. , 

(o) 22j (6) -3, -4. 21. 3, 1. 

Js+i. 23. (o) l-S.-M; (6)-300 

{a) 2,Vis (b) U. 2|. 

la) (4f + 4)(2*-l); 6,i.-4; (6) 4in. 

28. 2, J. 27. 8-58, -3 08. 

28. (a) 2-72, -01 ; (5) 4, - 2. 29. 16, 16 or 1. - 4. 

30. 6s. 6d.; 6s. gd. 31. (o) 6 or-^i W 2 86 

82. (o) |or|s' (6) l.Sori. 33. (o) i; (6) * = 2i, y « 
. 2ifD 2il 

> Z>>‘ 


2 . 


CHAPTER n 
EXAirPLES IX 
13 13 12 

W T' 6' 


EXAMPLES X 

1. -0049; -9932; -2867; -0349. 2. 63" 8'f 67* 23'; 36* 

3. 0 36" 63'. 4. 0 “ 30". 5. 0 = 60*. 

6. 0 = 45". 7. 0 = 63" 8' or 0*. 8. 0 = 60". 

9. 19* 28' or 30". 10.60". 11. 14" 20' oi 

12. 30" or 41" 40'. 18. 26" 34' or 45*. 14. 18*26' oi 

15. 03* 26’ or 71* 31’. 16. 45’ or 71* 34'. 17. 30* or 90 

18. 53* 8'. 


EXAMPLES XI 

1. +0 5736; -0-7660; -0 9397; -0-5736. 

2. -09397; -0-3420; +0-7660; + 0 9781 0 6018. 
S. -1; + 5671; -04663; -0-3640; -27476. 

4. secants: - 1-035; + 1-0C4; + 2 923: + 2-456. 
cosecants; -3-663; -2-023; + 1-064; - L004. 

5. 30"; 160"; 390"; 510". C. 1; }; -0-7265. 

7. + 1-414; + 1-165; «. 8. -|; + 1. 

9. 3rd; 2nd; 3rd; 2nd. 

10. (90 + .4): + cos A; -Bin^; -cot A. 

(270-A): -eosA; -suiA; +cotA. 

11. Sin A, - cos A, - tan A; -sm A.cos A, - tan A. 

IS. Sec A, -coseo A, — tan A; — sec A, cosec A, — tan A. 


0 , 20 . 000 . 

or 0 098. 
1. 


62'; 60". 

•30". 

- 36* 62'. 
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EXAMPLES Xn 

3. N. 78‘>4rW,; 3'61 miles. 4. 1358yd.; 1576yd. 5. 3-30m. 

6. 7-77 m. 7. 7° 28' or 332" 32'. 8. 105". 

9. 100". ■ 10. 174" 2'. 11. 6-51 m., 1". 


EXAMPLES Xm 

1. C = 95"; a = 3-34 in. ; c — 4-34 in. 

2. i = 58° 29' or 122° 32'; ^ = 78° 32' or IS” 20'; b ^ 14-37 it. or 

3-916 ft. 

3. O = 49°; a — 2-36 miles; 6 = 2-66 miles. 

4. OA = 734 yd.: GB = 898 yd. 

5. 312 yd. 6. 55-1 yd. 7, 3-97 miles. 

8. 28-3 ft. 9. 22-7 ft. 10. 1-18 m. 

IL 67-8 ft. 


„ 66 63 
65’ 6o 

6. 4-26, 0-4375. 
9. i. 


EXAJIPLES XIV 
304 87 

425’ 425' 

7. 1. 

10 . 1 / 4 ^ 2 . 


336 527 
625’ 626‘ 
8. 1/V3. 


EXAMPLES XV 

2. 0 = 30° 62'. 

3. 53° 8'; 35° 52’-, SO” 12'; 2; 0-2555; 4. 

4. -0-860; -0-5; + 1-7321. 

5. +' cos A ; - cos A ; + cot A ; - sec A ; + sec A. 

6. + 0-5; - 1-0; -2; + 1-414; 0. 

7. ABO = 95°; a = 0-08, b = 8-68. 

8. 7-21 miles; 3-98 miles. 9. 874 yd. 


10, 4 COB* A -.3 cos A ; 


3 tan A — tan* A 
1-3 tan* A 


11, (c) 6107-9; 6040-7. 


12. 2-104, miies; 2-677 miles. 


13. (a) 0; (6) 3-201. 


14. (a) 3; (6) 


r-d 


15. (c) 60" or 75° 31'. 16. 3-64 miles; N.W. 

17. ABO = 97"; ACB = 39°; AB = 3-17 in. 

18. 0-365 mm. 

19. ( 0 ) 2-793; 2-967; 3-142; 3-317; -0-3640; -0-1763; 0; 4- 0-1703; 

(6) 63-37. 

20. 14-0 miles; 2.40 p.m, 21. (a) 18-7 8q, hi.; (b) Ellipse, 14-5 eq. in. 


CHAPTER IH 

EXAMPLES XVI 

1. 7-551b. ivt.; 66° 34'. 2. (i) 12-61 or..; (ii) 11-93 lb.; (iii) 5 tons. 

8. In a direction making an angle of 138" 36' natb that of the Btroam ; 
2 min. 36 sec. 
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EXAMPLES XVU 

1. 7-65 units. 

2. 36 06 lb. makmg angles of 146° 18' irith the downward fores and 

123° 42' with the honzontal force. 

3. (i) 9 9SIb. j (ii) 66° 16'; (lu) 4 tons; (iv) I68-8 grm. 

4. N. 3»26'\V.; 12-42 m.pJ*. or N.76' 32' W.j 2 00 rop.h. 

5. S-OS ft. per sec. per sec. in a direction making an angle of 116° with 

the initial velocity. 

6. 24in.p.h.; N. 18°46' W. 

EXAMPLES XVIU 

1. 21-7 m p.h. ui direction S. 71* 53' W. 

2. N. 8°54’E. a 64*32’. 4. 395 m.p.h., N. 10° 20' E. 

6. S. 81°62'E, 6. N. 46* 35' \V., 46 mm. 


EXAhtPLES XIX 

1. I 03 ton# making an angle of 84* 12' with the 2 ton force. 

2. 7-23 lb. ; N. 4° 2' IV. 

3. No 23 2 lb., S 10* 42' E 

EXAMPLES XX 

1. 73-8 lb ; 30 81b 2. 36-1 ft. per eec. 

3. 116-91b.i 33 81b. 4. 12-161b.: K 48°51'E. 

5. 25lb., 8. 42^°E. 

EXAMPLES XXI 

1. 11-62 tonsm a direction otakinganangleof 20° 30' with the 81b. force. 

2. 146 5 lb. i 1361b. 

3. In a direction making on angle of 120° with the current: 1 min. Usee. 

4. 89-9 m.p h. in a direction making an angle of 27* 6' with the horizontal. 
C, 12-73 lb. i N. 25° 16' W. or 8. 25* 16' E. 

6. 0-4 m.p Ji, per eec. ; S. 4* 59' E. 7. 38-4 lb. 

5. 4-36 tons in a direction roakwgon angle of 23* 24' with the 3 ton force. 
9. 64-8 ft. per sec. ; 8. 64° 7' E . 324 ft 

10. 40-9 sec. 11. 20 62 lb ; S. 73* 3' E. 

12. 3-14 tons; 0 110 tona. 13. 4-376Ib.; 7-93 lb. 

14. 22-26lb.; N.27°6l'W. 16. 6478 unite; 2150 unite per sec. 

17. 697 tona; S.61°22'W. 19. 8-32 tons; 24°. 

20. 1782 ft. per sec.; 1774ft poreec. 

21. 6llb. 22. 29^min., 17-8mnes. 

24. 10-2 units. N. 69° E 


1, 38 eq. ft. 
4. 3 ft. 10 m. 
7. 01 sq.cm 


1 . 21 ° 2 < 


4. 70°. 

8. 3 in., 43 65 m. 
11. 4-24 m, < 


CHAPTER IV 
EXAMPLES XXn 
2.6-28oq.m. 3. 16-49ft. 

5. 2-905 in. 6. 12-28 ft. 

8. 0 645 eq. m, 10. 0 414 m 


EXAMPLES XXni 
2. 8 CTO- 3. 240°; 200°. 

6. 3-78 ft.; 32 ft. 7. 66 2 in. 

9. 85-3 in. 10. 37 6in. 

12. 6-11 in 
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2 . 




4. 10'04 sq. in. 
6. 9'77 miles. 


EXAIVIPLES XXrV 

3. 16ft.; 8 ft.; 32 ft. 

5. 72'39 8q. in. 

7. 4 ft. 1 in. 


9. 80 sq. yd. 


12. m. 



10. 11,406 sq.ft. 


8. 18 in, 

11 . 1 

125,000. 


EXAJIPLES XXV 


1. 34-44 lb.; 432-7 sq. in. 

3. 34-9 sq. in., 11 oub. in. 

5. 7-18 c.o. 

7. 820eub.ft.; 26-16 ft. 

9. 4-81 sq. in., 0-693 cub. in. 
ir. 8J in., 54-2 sq. in., 22-9 cub. in. 


2. 14-58 cub. in. ; 186-6 cub. in. 
4. 248 cub. in. 

6. 14,7271b. 

8. 46-45 ft. ,- 83,980 cub. ft. 

10. 2720 sq. cm., 7240 c.c. 


EXAIVIPLES XXVI 

1. 6984 sq. cm. ; 9792 cub. cm. 2. 4374 sq. cm. ; 7289 cub, cm. 
3.- 1060: 0-6. • 4. 15-9 cub. in. 

6. 72 yd.; 2-08 ac. 6. 37-3 ft. per sec.; 597 ft. 


EXAMPLES xxinri 

1. 20-4 ft. . 2. 2 ft. 4i in. 3. 6-81 in. 

4. 103-6 sq. in. 5. 36“ 62'. 

6, pAb = 70°; PBA = 60°. • 7. 0-4 in. 

« -n 0-815 

9. 10 J per cent. 10. — j — . 

11. 1568oub. in. ; 896 8q. in. ; 1372 cub. in. 

12. 144 ft. 13. 71-1 acres; 2J^ in. 

14. 0-0818 cub. in. 15. 10-4 sq, in. 

16. 3536 oub. in. 

17. Vol. = 37zL{D^-d*) cub. in.; 12^L(£) + d) sq. in. Volume reduced to 

i ; surface halved. 

18. rt!.d{ = 3880 

= Distance (in feet) travelled by train in 90 sec. 

19. |r'0; 17-22 sq.ft. 20. 20-31 ft.; 66-26 sq. ft. 

21. 0-3628 sq. in. 


CHAPTER V 

EXAMPLES XXVm 


1. !/ = 23 : + 1, y =.3: + 7, y + 3a: - 2 = 0, .3y = x - 1. 



3. 


2, |, 2, y = 2x- 10, 8y = 3x -f 41, y = 2x, 3y = 4x- 24. 

- ~ ~ : 3y + 4x - 29 = 0, 2y + X - 9 = 0, 2y + X = 


y + 4x — 8 = 0. 


0 , 


4. 



‘t'ln. 
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EXAMPLES XXVIII~(con<<i.) 

6. 5. 13. 25. 

0. *' + y* - 6* + ^y- 15a « o. 

7. {.J-2. 3;4. 

+ V*-ar-6y-24 =p 0. fl.fi.S. 10.6,4. 

+ y* + liz + 14y + 49 = 0. 

+ y* - lOx - lOy + 25 = 0, *• + y* - 28* - 26y + 169 = 0. 


EXAilPLES XXIX 

5. 2-19 or - -69. 6. x = -1-21, y = - -42 or x » 'SS, u -m .l-l. 

7. X « *133. V •» 4-43 or X <= -'1-88 y 5 44. 

8. X = 3-31, y = 0 65} orx == -l-81.y = -1-91, 

9. X « 1'23. y=- 0-11 ; or X « - 0-10. y = 0-66. 

10. X =«= -0-44, y = 0-56; orx« -4-66.y => -3-56. 


EXAMPLES XXXI 

1. 12 2. -4-9, 3'88, -2-57. 


EXAMPLES XXXll 
L -sa. 1'83, l*78. -32, 25-7. 

2. 3-6, 280. 2 49. 

8. 1 35.-0 31. 

7. ICy- 3**-6* + 3. 

8. *' + y* 25- 
g .b K! a 1 

16 ^ 25 * ‘ 

17. . - 2co.(^l) - j). 

18. 2r 8m 0 » 3. 

EXAJIPLES XXXIU 

1. 1-24, -4-57! 3*> -f- Ito- 17 =. 0. 

2. 3 90 or -77. 

3. 1*69 or -'44. 

4. 850 tons. 

6. 1-9. -•4. -1-5 
e. 1-55. --21. 

7. M. 

8. y =» e-75x. 

e. - 2 1. 1-3. 2-8. 

10. -SS, 1-65. 2-8. 

11. * =» 1. y =• - 6 or * = - 5, y « - I. 

12. X «= 2-6. -'96; X* + ar*-27x-36 * 

y ^ 2-2. -32; {y» + 3y-4p = 27y. 

13. 63. 14. 1*4. 15. 2-6. - 3-6. 

16. 1, -1'6. 17. 2'3. -6, -2-9. 18. -48; £624. 

IB. 2-63. -SS. - 1. 20. 7-37. 

21. (i)J8-2. (U)2-47 <iu)6-I. 22. (•) 6'2. 2-6. - 1-7. (ii) 6 - 6 . 1-0- 1-4. 

2S. 1-03. - 1-37. 24. * *» 1'49. 4 - 4-04. 

25. X « *0230. y =. -ISSoj x « 1-6490: y >= l'707i». 

28. 41?*, 3181*. ■ 28. r •= 0 005X, 200*. 
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CHAPTER VI 
EXAMPLES XXXIV 
2.12. 3,13. 4.-1. 

6, - i. 6. 2, 4, or - 2, -4. 7. ± ^2. 0. 

EXAMPLES XXXV 

1. 7;5«. 2. 12*5. 3. 25a:*. 4. Sla:”. 

6 - gis. 6. 2 + 6®. 7. 4. 8. 3a:* - 2. 

9. 4a:=-6a:. 10. 56x'-5GxL 11, 12a:“ - 12. 

12. 4 + 8a:. 13. 4a:* + 6x‘ + 2a:. 14. - 3 + 0z~ 3z\ 

16. - 24x -f 24a:* - 6x*. 16, 2x - 2. 

17. (i) 0 f.8., - 12 £.8.8.; (ii) - 30 f.s., - 24 f.s.8. 

18. (i) 12 yd. par min. East; (ii) 3 min.; (iii) 27 yd. 

(iv) 102 yi per min. We^; (v) a = 1200 — 102£. 

19. 0-0132sq. in. 20. 0-282 sq. in. per sec. 21. 186-8. 

22.0-02. 23. V3a5/2. 24. in. per sec. 

n \ox/ 


EXAiWPLES XXXVI 

1. y = 8x-8. 2. y = 8x-6. 8. y=10z-16. 

4. 9i/ - 9a: — 2, 9y - Oa: -4- 2 = 0. _ 5_, 1, - 8. 

6. 3 and - 1. 7.-1 (maadmum), 3 (m ini mu m ). 

8. Maximtim = minimum =■ 3. 

9. Minimum no maximum. 

10. 1, inflexion; - 2, minimum. 


1. 3 cos (3a: -4- 4). 
4, 7 Bin (6 - 7®). 

7.-6 sin (3® - 7). 

10. 2 Bin (|-2a:^- 
12. 0-404 rad. 



EXAMPLES XXXVn 

2.-5 sin 6®. 3.-6 cos (4 - 2x). ' 

5. --^^sinS®'. 6. 12 cos 

8. cos (6® - 20)°. 9. - 4 sin ^2® - 

11, - 2 sin 2® + 2 cos 2®. 

13. I- 107 rad. 14. 1-893 rad*. 


EXASIPLES XXXVm 
1, 8-0023 C.C. 2.^. 1 ; |. 

8. — i-T— cub. in.- per sec. 4. y = 3® - 9. 

8. 1. ‘ 6. li,2;li. 

7. 3®* - 6® + 6 = 0 has no real roots; at * = 1, 

8. (a) 200, 72 ft. per sec. ; Gisec.; (6) 3. 

9. a « A, 6 = -2, 1, 4. 10. a = |, 6 » -4. c = 9-6. 
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EXAMPISS xxxvm— (eojf'A) 

,, 36 . 16 2 

” 23’ * ~ 23’ ® “ H* 

12. Side of base » 6 ft.. 

Height sa 3 

AontnONAX. EtEMCTTiJtT 

1. (i) »- |i (ii) 

2. (>} l-29or-3-29: (ii) -0-ld2or-7'81. 

3. (*) * = 5 . y •= 6 . * »» -r.y = - 6 ; 


U (i) * * 1-28, y = 2 58. 

(u) * » 1 . y =» 1 , or a: = 5 . y = j. 

1. 25 tons, 15 tons: £1 17s., £2 Os. 6 . 1-97 see* 

?. 11 in. llu 11 ' or iW. 

2. 2-37 miles, N. 83* 42' E. 13. A - llS'* - 2 ‘S32, c 

4. B « 61* S', a - 68* 67'. c « 7-908> or 
B « 118* 67', 0 - 31* 3', e - 4-126. 

5. cos A - ±^, siD2A = ±|~.cos2A - -Ym‘ 


(1+ ri-IS.tuid-n 


-cos A, sin A, tanX. 19. 9 04 lb-* ^38* 4' E. of N. 

20-68, N. 6* 36' W. 22. 31-34 ff- »?•« 22* 16' W. 

136* 24'. TTilh direction of earrenl.S4. fi) l-84'^“>-* (»i)l'942in. 

6in., 31*43 80 . in., 14-66 cob. in. 

211 sq. ft. 

73* 44', 37-7eub.in.. 47-12Bq.iD.: 216*. 

85-3 m. 29. - 0-66, 2, 3 58. 

-2 07, V17, 2-9. 31. M. 

4y - 27x; 4x* + 12** - I5x + 4 s 


38. 
35. 1 


34. 


1 


. 9x* ~ Ox 2 = 0 has no teal roots; at x a 


s (4 - 2x), 2 sin (4 - 2x), ^ 


Ml (120+ 6*)* 
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